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present volume is the fifth and last of Professor 
janck’s series on Theoretical Physics. His reasons for 
eating the theory of heat at the end are based on the 
( a of systematization which characterizes the whole work, 
is method of presentation shoAvs clearly that the tlieory 
’ heat can be erected on the foundations of mechanics' 
id electrodynamics (cf. p. 223), but that the converse is 
ot possible* As previously, references to other volumes 
re made by means of Roman numerals, thus I refers to 
le volume on General Mechanics, II to that on the 
[echanics of Deformable Bodies, III to that on the 
licory of Electricity, IV to that on the Theory of Light. 
|or example, on p. 89 of the present volume the refer- 
ace II (284) stands for equation (284) of volume II 
^ Mechanics of Deformable Bodies 
Jt is hardly necessary to mention that some of the 
lost important developments of the theory of heat are 
to Professor Planck’s own brilliant researches, which 
»Ve become classics in the history of physical thought. 

idea of quanta of radiation, introduced at the dawn 
h'the present century, has played a dominant part in 
;l}'ysica.l theory up to the present time. Its significance 
I such that all efforts to construct a unitary field theory 
qihysical phenomena — ^that is, a theory which would 
h iig gravitational and electrodynamic events under a 
ipgle -scheme of laws— are doomed to failure unless a 
ijantum assumption is included as an inherent part of 
% theory from the outset, as was recently remarked by 
, nstoin in his Rouse Ball lecture at Cambridge (May 6, 

‘ } 2 ). 

/To explain Professor Planck’s 23rocedure in the present 
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istic way from mechanical and electromagnetic processes, 
and which, therefore, places the theory of heat in a special 
position as compared with other physical theories. That is 
also the reason why the treatment of the theory of heat 
forms the concluding volume of the present work. 

For, let us imagine any (not too small) physical con- 
figination, that is, any bodies in any electromagnetic field, 
which is completely cut ofi from its surroundings, so that 
the energy of the configui’ation remains constant (I, § 120). 
Within this configuration certain events will then occur 
the course of which is uniquely determined if we start out 
from a definite initial state. The following phenomenon 
then manifests itself . So long as ordy the laws of mechanics 
and electrodynamics are assumed to hold, the events will 
nevir come to an end and will retain their character for 
ail .mie. Indeed, it may be proved that a state which 
has once existed can in the course of time occur aiuy 
number of times again, if not in absolutely exactly the 
same w^ay, at least to any desired degree of approximat ion 
(of. § 131 below). But as soon as heat — ^no maf ter 
%vhether it be heat contained in bodies or radiant he^* ^ — 
enters into the question in any way the sequence of ot its 
finally, even if only asymptotically, approaches a def ite 
end, in that the configuration tends to a state in vlf ^ch 
every mechanical or thermal change has ceased inf the 
macroscoxfio sense (§ 115); this state is therefore called 
the state of thermal equilibrium. Hence all occurremces 
in which heat plays a part are in a certain sense li- 
directional, in contrast with mechanical and elec?|ro- 
magnotic events, which can equally well take place in ylie 
reverse direction, since for them the sign of the time facyor 
is of no consequence. The essential feature of the secc' ’.d 
law of thermodynamics is that it furnishes a numeri. al 
criterion for the direction of the changes that occur 
physical nature (§47). 

In the first two parts of this book we shall deal with the 
heat in bodies, and afterwards, from the third part onwards, 
also with radiant heat. 



PART ONE 





CHAPTER I 

TEMPERATURE. MOLAR WEIGHT 


§ 3. The first rec[mrement of a theor)'' of heat consists in 
defining in numerical terms the thermal state of a body 
concerning which our sensation when touching the body 
gives us only very imperfect nrformation. To accomplish 
this we may make use of the experience that every body, 
if kept at constant pressure (say atmospheric pressure), 
changes its volume when heated, and so we can define the 
thermal state of a body by the amount of its volume at a 
particular instant. Instead of this, however, we may, 
to define its thermal state, also adduce any other property 
of the body which depends on the thermal state, for 
example, its thermo-electric e.m.f . or its galvanic resistance. 

To be able to compare the thermal states of two different 
bodies numerically we require a further law derived from 
experience, which represents a special case of the general 
principle discussed in § 2 and which runs as follows : if two 
or more bodies (at rest) exert a thermal action on each 
other then, in contradistinction to mutual mechanical or 
electromagnetic actions, a state of thermal equilibrium 
always establishes itself, in which all change ceases. 
Using an expression which has been borrowed from 
mechanics, we then say that the bodies are in thermal 
equilibrium. 

From this there immediately follows the important 
theorem : if a body A is in thermal equilibrium with two 
other bodies JB and G, then B and C are themselves also 
in thermal equilibrium with each other. For if we make 

the bodies A, B and G form a connected ring so that each 
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of the three bodies makes contact with the other two, 
then, by our assumption, thermal eq^uilibrium also exists 
at the contact of {AB) as well as at that of {AG), and 
consequently also at the points of contact of [BC), For 
otherwise no general thermal equilibrium w'^ould be possible 
at all and this would contradict the principle above laid 
devil. 

The fact that this theorem is by no means obvious can 
be recognized particularly clearly if we apply it to the 
question of electrical equilibrium, for which it does not 
hold. For if w-e bring a copper rod which is in electrical 
equilibrium with dilute sulphuric acid into contact with a 
zinc rod which is in electrical equilibrium with the same 
sulphuric acid, equilibrium does not exist at the point of 
contact, but rather electricity flows from the copper to 
the zinc. 

§ 4. It is because the above law holds for heat that we 
are able to compare the thermal states of any tw^o bodies 
B and C with each other without bringing them into 
direct contact. We need only bring each body. individually 
into contact with the arhitrarity chosen body A, w^hioh 
serves a-s a measuring instrument (for example, a quantity 
of meremy ending in a narrow tube), and define its thermal 
state by the prevailing volume of A, or still more 
appositely by the diSerence between this volume and some 
arbitrarily fixed “ normal volume,” namely, that volume 
which the body A occupies when it is in thermal equili- 
brium with melting ice. If the unit of this volume 
difference is chosen so that 100 is indicated w^hen A is in 
thermal equilibrium with the steam of boiling water under 
atmospheric pressure, then it is called the teM'perature, 0 
(in degrees Centigrade) with respect to the body A re- 
garded as the thermometric substance. Tw^o bodies at 
the same temperature are thus always in thermal equili- 
brium, and conversely. 

§ 5. The temperature data of tw^o different thermo- 
metric substances in general never agree except at 0° and 
100°. Hence, to complete the definition of temperature 
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there is no alternative but to make an expedient choice 
from among all substances and to use one of them to 
define the conventional temperature 9. It suggests itself 
to choose a gas for this purpose, since different gases, 
particularly at low densities, exhibit a very approximate 
agreement in their temperature data over a considerable 
range of temperature when used as thermometric 
substances. Even the absolute value of their expansion 
is almost the same for all gases, in so far as equal volumes 
when equally heated expand by the same amount, the 
pressure being assumed constant. The amount of this 

1 

expansion is of the volume for the temperature 

i 0‘ Jj 

rise from 0° C, to 1° C. In the sequel we shall therefore 
refer the temperature 0 to the gas thermometer, in 
particular to the hydrogen thermometer. 

In spite of the advantages mentioned the temperature 
9 here introduced has in principle only a conventional and 
provisional significance. On the basis of the second law 
of thermodynamics we shall later, however, find it possible 
to define the so-called absolute temperature (§ 45) to which 
a real objective significance may be attached in so far as 
it is quite independent of the mechanical or electrical 
properties of individual bodies. 

§ 6. In the following pages wo shall occupy om'selves 
principally with homogeneous isotropic bodies of arbitrary 
shape, which have a uniform temperature and density in 
their interior and are subject to a uniform pressure acting 
everywhere normally to their surfaces and consequently 
themselves exert the same pressure outwards [cf. II (211)]. 
We shall take no account of surface phenomena. The 
state of such a body is determined by its chemical nature, 
its mass Jf, its volume V and its temperature 9. Thus 
all other properties of the state are dependent in a definite 
way on those just given ; above all, the pressure p and 
the energy E depend on them. We shall discuss the 
former property in the present chapter and the latter in 
the next. 
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>Since the pressure of a body clearly depends only on 
its internal constitution but not on its external shape and 
its mass, it follow’s that, besides depending on the temper- 
ature 6, the quantity depends only on the ratio of the 
mass M to the volume F, that is, on the density or, 
respectively, on the inverse ratio, the volume of unit 


mass : 



which, following accepted usage, we call the specific 
volume of the body. So there exists a definite relation- 
ship, characteristic of every substance : 


P=fiv,S) (2) 

which is called the equation of state of the substance. The 
function / is always positive for gases ; for liquid and solid 
substances it may also have negative values in some 
circumstances. 

§ 7. The equation of state assumes its simplest form in 
the case of gases when their density is not too great. For 
by II (285) w^e have : 


where 0 depends only on the chemical nature of the gas 
and on the temperature 6 (Boyle’s Law, also known on the 
Continent as the Law'’ of Boyle and Mariottc). On the 
other hand, by the definition of § 4, the temperature 6 is 
proportional to the difference between the volume v and 
the “ normal volume ” Vq, that is ; 

6 -vfj .P (4) 

where P depends only on the pressure p. Accordingly wo 
have by (3) : 


if ©0 denotes the value w''liich the temperature function 
0 assumes for 0 =0. 

Finally wo use the empirical fact also introducod above 



r. TEilPERATUR] 

in § 5, that the anioimt of the exj^ansion fbJ^i\increa-se of 
temperature from 0° to 1° is almost the san^ fasa’c^lQji : 


1 


' 213 ‘ 


0‘003G6 - a 


of the volume at 0° (Law of Gay-Lussac). Thus if we set 
= 1, then V ~ Vq = c/.Vq, and equation (4) becomes ; 

1 = c/.Vq ,P (7) 

By eliminating p, P, and v from the equations (3), (4), 
(5) and (7) we get the temperature function : 

0 = 0Q (1 4- a^) (8) 

where now the constant ©o depends only on the chemical 
nature of the gas. If we designate it by C, the equation of 
state (3) of a gas assumes the form : 

n p ji r 

= - (1 4- o(.0) = ^Y- (I + • • • (•■^) 


The numerical value of C is determined, as soon as the 
specific volume v of the gas is known, for any pair of values 
of 9 and p, for example, 0° and atmospheric pressure ; 
the values of C for different gases at the same temperature 
and under the same pressure are then obviouslj^ in the same 
ratio as the specific volumes v, or inversely as the densities, 

We may therefore say : at the same temperature and 

qs u u X 

under the same pressure the densities of all gases bear 
perfectly definite ratios to one another. A gas is therefore 
often also characterized by the constant ratio of its density 
to the density of a normal gas at the same temperature 
and pressure (specific density with respect to air or 
hydrogen). Thus if w^e denote the quantities referred to 
hydrogen, for example, by means of a suffix J?, the specific 
density of a gas with respect to hydrogen is : 


1 . 

V * vji C 


( 10 ) 


The following are the actual specific densities of various 
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gases with respect to hydrogen : oxygen 16, nitrogen 14, 
air 14’ 4, ^Yater' vapour 9, ammoma 8*5, hydrogen peroxide 
17. 

§ 8, The equation of state (2) of a substance allows all 
questions concerning the behaviour of the substance with 
regard to arbitrary changes of temperature, volume and 
pressure to be answered completely. Attention must be 
paid to the way in which the quantities are chosen as 
independent and dependent variables. If, first, the 
pressure p is kept constant the changes are called isobaric 
or isopiestic. The term volume coefficient of ex- 
pansion is then given to the ratio of the increase of 
volume for an increase of H to the volume at 0°, that is, 

to the quantity — — U Eor a gas we have by the 

equation of state (9) that; 


TT 

4 . 


TT 


CMff. 

P 


and Vo 


CM 
P ' 


so that the “volume coefficient of expansion” for all 
gases is eq^ual to gc> If, in the sscond place, the volume is 
kept constant we speak of isochoric or isosteric changes. 
The pressure coefficient of expansion is then the ratio of 
the increase of pressure for a temperature increase of 1° 


to the pressm-e at 0°, that is, the quantity fP .. 

For a gas we have by the equation of state (9f”that 

Pn-rX Po — ^ anapj — — ; thus the pressure coefficient 

of expansion for all gases likewise becomes equal to a. 
If, fkiTdly, the temperature is kept constant, the changes 
are called isothermal and the name “ isothermal coefficient 
of elasticity is given to the ratio of an infinitely small 
increase of the pressure to the resulting contraction per 
unit volume ; thus it is the quantity : 



V 
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Eor a gas we have, by tbe eqnation of state (9) : 


V- 

G 

andhence the coefficient of elasticity of the gas is -(1 -1- a0), 

that is, it is equal to the pressure p. The value of the 
reciprocal of the coefficient of elasticity is called the 
“ coefficient of compressibility.” 

The three coefficients which characterize the behaviour 
of a substance in isobaric, isochoric and isothermal changes 
are not independent of one another, but are connected in 
the case of any arbitrary substance by a fixed relation- 
ship. Eor by differentiating the equation of state we get 
generally : 



If we now set dp = 0, we obtain the relation which holds 
for an isobaric change between the differentials dd and 
dv ; expressed in corresponding notation this relation is : 


( 11 ) 


Accordingly, for every state of a body it is possible to 
calculate one of the three quantities, volume coefficient of 
expansion, pressure coefficient of expansion and coefficient 
of compressibility from the other two. 

§ 9. Gas Mixtures. If different hut arbitrarily great 
quantities of one and the same gas at the same temperature 
and pressure which are initially separated by partitions 
are suddenly brought into contact with one another by the 
removal of the partitions, the volume of the total system 
obviously remains equal to the sum of the separate volumes. 
Further, if the gases brought into contact are different in 
character, experiment shows that in this case too, provided 
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the tcmperatiu’e is kept constant and uniform and the 
2 )ressure is kept uniform, the total volume remains 
permanently e{ 2 ^ual to the sum of the originally separate 
volumes, although at the same time a slow process of 
mixing, diffusion, takes place which is ended only when 
the composition of the mixture in every part of the space 
occupied by the gases is the same, that is, when the 
mixture has become physically homogeneous. 

We maj" regard the resulting mixture as constituted in 
one or other of two ways. Either we may assume that in 
the process of mixing each individual gas divides up 
into an enormously large number of small parts, each of 
which, however, retains its volume and its pressure, and 
that these small parts of the different gases mix together 
during diffusion without penetrating into one another. 
Then each individual gas would, after the completion of 
the diffusion process, still retain its old volume (partial 
volume) and all the individual gases would have the same 
common pressure. Or else — and this is the view which, 
as we shall later find (§ 12), can alone be justified — we 
may assume that the individual gases also change in the 
smallest parts of their volumes and inter-pen etr ate one 
another, so that when diffusion is completed each in- 
dividual gas, so far as one may still speak of such, occupies 
the whole volume of the mixture and fills it uniformly 
densely. Then, corresponding to the resulting dilution, 
the pressure of the individual gas has sunk to a smaller 
value, that of its partial pressure. 

If we denote the individual gases by numerical suffixes, 
while the volume F, the temperature 6 and the pressure 
p of the mixture are written without a suffix, the partial 
volumes of the individual gases in the mixture are (if we 
adopt the first view), by (9) : 

(/.9) . . (12) 

where ; 

Fi -{- 1^2 + • • ‘ “ F . . . (13) 
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and tlie partial i^ressures (if we take the second view) are ; 


By addition we have : 

, , El . 1^2 , M-N 

'j/ ' P ‘ ’ * * ^ ( 1 ^) 

which is Dalton’s Law. It states that in a mixture of 
gases the pressure is equal to the sum of the partial 
pressures of all the individual component gases. We 
further see that : 

= C,M,:CoM2: (16) 

That is, the partial pressures, on the second view, are in 
the ratio of the partial volumes on the first view. 

The composition of a gas-mixture is defined either by 
the ratios of the masses M^, ... or by the ratios 

[which, by (16), are constant] of the partial pressures or, 
respectively, by the partial volumes of the individual 
components. Accordingly we speak of either percentages 
by weight or percentages by volume. For example, 
atmospheric air contains about 23T% of oxygen and 
76*9% of nitrogen by weight but 20*9% of oxygen and 
79*1% of nitrogen by volume. 

The equation of state of a gas mixture is, by (12) and 
(13): 

p = ^ + oid) (17) 

or : 

G.M, M 

^ -If 

Thus it corresponds perfectly with the equation of state 
(9) of a simple gas "whose characteristic constant is : 

P _ OiMi -f- . 

^ “ if 1 + i¥2 -b • • • 

Hence an investigation of the equation of state can never 
decide whether a gas is chemically simple or whether it is 
formed of a mixture of different simple gases. 
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§ 10. Tile equation of state (9) holds for all gases and 
vapours if their densities are sufficiently low. But if 
their densities exceed a certain order of magnitude certain 
deviations always occur and the equation of state must 
then be given a more general form. In the course of time 
a whole series of different equations of state has been 
given which fulfil their purpose more or less well. The 
fii’st and simjfiest of them is due to van der Waals ; it is 
of particular interest because it also applies to the liquid 
state. Van der Waals’ equation runs : 



(7(1 + ocg) 
V — b 


2;2 



where a and b are other constants which depend on the 
nature of the substance. For great values of v the 
equation reduces to (9), as it should do. 

The functional dependence of the pressure p on the 
volume V and the temperature 6 may be conveniently 
depicted by drawing isothermal ” curves; for any 
arbitrary constant temperature 8 two associated values of 
V and p are plotted as abscissa and ordinate of a point in 
a plane. The complete family of all isothermals then 
gives a complete picture of the equation of state. By the 
equation of state (9) all isothermals are clearly rectangular 
hyperbolas which have the co-ordinate axes for their 
asymptotes. For const, holds for them. By van 
der Waals’equation (19), on the other hand, the isothermais 
assume quite different forms, whose character is indicated 
in Fig. 1. In general, as can be seen from (19), there are 
actually three values of v for each value of p. Hence an 
isothermal will in general be intersected at three points by 
a straight line parallel to the ^;-axis. But two of them 
may be imaginary, as actually occurs for high values of 
9. At high temperatures (for example, O' in the figui'e) 
there is thus for a given pressure only a single real volume, 
whereas at low temperatures (for example, 6 in the 
figure) three real values of the volume correspond to a 
definite value of the pressure. Of these three values, 
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represented in tlie figure, for example, by a, p, y, onlj^ the 
smallest (a) and the greatest (y) can signify a stable state 
of the substance, such as can be produced in physical 
nature. For in the case of the intermediate volume (p) 
the pressure along the isothermal clearly increases as 
the volume increases; that is, the compressibility is 
negative. Such a state is only of theoretical importance. 

The point a corresponds to the liquid state ; the point 
y corresponds to the gaseous state at the temperature 6 
and at the pressure p represented by the common ordinate 


P 



of a, p and y. But, again, in general only one of these 
two states a and y is stable (in the figure it is the state a) . 
Eor if the gaseous substance, which, say, is enclosed in a 
cylinder with a movable piston, is compressed, the temper- 
ature 6 being kept constant during the process, the 
successive states will be denoted in the first place by the 
points to the right on the isothermal 9. As the volume 
decreases the graph point moves continually further to 
the left along the isothermal until it reaches a perfectly 
definite point G. On further isothermal compression, 
however, the point does not go beyond G; rather the 
substance partially condenses, that is, it resolves into a 
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liquid and a gaseous part 'which, of course, have a common 
pressure and temperature. If the isothermal compres- 
sion is continued still further the state of the gaseous 
part is always denoted by the fixed point G, that of the 
liquid part accordingly always by the fixed point A of the 
same isothermal. The only change that occurs in the 
process is that more and more vapour is precipitated. 
G is called the satiuation point of the gaseous substance 
at the temperature 6. Finally, wdien all the vapour has 
been condensed the ^vhole substance is in the liquid state 
A and so again behaves homogeneously. Further iso- 
thermal compression then again leads to increase of 
density and of pressure along the isothermal 6, during 
'which also the point cc of the figure is passed through. 
The figure show^s that on this side the isothermals are 
much steeper than on the other, that is, the compressibility 
is far less, 

Sometimes, in compressing a vapour, the isothermals 
are successfully continued beyond the point G a certain 
distance to'R^ards y and super-saturated vapour ” is 
produced. Only more or less unstable states of equili- 
brium are obtained, as may be recognized from the fact 
that very small disturbances of the equilibrium may be 
follow^ed by sudden condensation, that is, by an abrupt 
transition to the stable state. ITevertheless the study of 
super-saturated vapours invests also the theoretical part 
of the isothermals with a certain practical importance. 

§ 11. From the above remarks w^e see that every iso- 
thermal 'which admits of three real volumes for certain 
values of p has tw^o definite points A and C which denote 
the condition of saturation. Their position cannot be 
directly read ofi from the graph of the isothermals. But 
the laws of thermodynamics lead to a simple geometrical 
construction for givmg these points; this method is 
worked out in Chapter IV (§ 61). The higher we choose 
the temperature the more the region intercepted between 
the ibOtlicrniSjl £in(i 1}li6 Iihg pcircillGl to tliG 'W-cixiSj wliicli 
ciits it m three pointe, shrinlts together, and the closer 
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these tlu’ee points approach one another. The transition 
to those isothermals which resemble hyperbolas and are 
cut by parallels to the r-axis in only one point is indicated 
hy a definite isothermal for which the three previous points 
of intersection coincide. This point thus represents a 
point oi inflexion of the isothermal in question, at which 
the tangent of inflexion runs parallel to the v-axis. It is 
the critical -^oint K of the substance (see Pig. 1); it 
specifies the critical tem^Derature fo, the critical volume 
Vk and the critical pressure At the critical point the 
saturated vapour becomes identical with its condensate. 
Above the critical temperature {6>dk) and above the 
critical pressure no condensation at all occurs, as 

is easily seen from the figure. Prom the figure we also 
learn directl}^ that there is no definite boundary between 
the gaseous and the liquid state, as it is easy to pass from 
the region of definite^ gaseous states, for example, from 
the point C, to a curve which passes over and around the 
critical point into the region of definitely liquid states, 
for example, to A, without anywhere encountering a 
saturated state. Por this reason, too, we cannot in 
principle distinguish between gases and vapours. 

The critical state may easily be calculated from the 
e quation of state ( 2 ) . Por from the preceding observations 
we know that the following two equations hold for it : 



The first of these expresses that the tangent of the iso- 
thermal at K runs parallel to the v-axis ; the second states 
that the isothermal has a point of inflexion at K. 

Por van der Waals’ equation we have in particular : 


§ 12. If two gases or vapours mix which have so great a 
density that the simple equation of state (9) no longer holds 
for them, it is possible by applying Dalton’s Law to arrive 
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at an expression which is very approximately valid for 
the equation of state of the mixture. This law states 
that the pressure of the mixture is equal to the sum of the 
partial pressures which each gas (or vapour) would exert 
if it alone filled the whole volume at the same temperature. 
This law also furnishes us with an answer to the question, 
which was left open above in § 9, as to whether we must 
ascribe to the individual components of a g'as mixture a 
common pressure and different volumes or a common 
volume and different pressures. That the latter view is 
alone admissible follows from the consideration of a vapour 
whose temperature is below the critical temperature. 
For example, if we take a mixture of air and water vapour 
at 0° and at atmospheric pressure, it is impossible to 
assume the water vapour as being at the pressure of one 
atmosphere, as water vapour at 0° does not exist at all 
at this pressuL’e. There is no course open, then, but to 
ascribe a common volume and different pressures to the 
air and the water vapour. 

§ 13. Having dealt with the interdependence of the 
variables p, v and d of the equation of state we shall next 
fix our attention on the significance of the constant G in 
the gas equation (9). Its value is dependent on the 
chemical constitution of the gas. *\'\Tiat distinguishes 
chemical from physical events is above all the fact that 
the former in general occur discontinuously, spasmodically, 
whereas the latter in general occur continuously. For 
the chemical nature of a substance is something constant 
and between different constants no continuous transitions 
are possible, but only steps. Accordmgly the different 
chemical substances do not form a uniform series connected 
by contmuous transitions, but rather a discrete series in 
which the individual members are sharply differentiated 
from one another. This manifests itself in the experi- 
mental fact that in every chemical change the substances 
which are reacting with one another combine or dissociate 
in quite defimte and constant proportions by w^eight. 
We may therefore ascribe to every chemically homo- 
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geneoiis siibstanoe, whetker it be an element or a com- 
pound, a definite weight (more correctly mass), namely, its 
equivalent weight, as follows. We fix the equivalent 
w^eight arbitrarily for some particular substance, for 
example, 1 gramme, say, of hydrogen. We then find 
the chemically equivalent weight for another element, say 
oxygen, by ascertaining that v'cight of oxygen which 
combines chemically wdth 1 gramme of hydrogen to form 
water, namely, 8 grammes. The amount, by w'eight, of 
the resulting compound, 9 grammes, is then the equivalent 
weight of water. Proceeding in this way we easily arrive 
at the equivalent weight for all chemical substances, even 
for those elements which do not combine directly with 
hydi'ogen at all, since elements can always be found that 
combine both with the element in question as w-ell as with 
hydi’ogen and so establish an indirect connexion. 

This law of the constancy of equivalent \veights im- 
presses itself clearly on our minds if we regard the equi- 
valent w^eight a of a substance as a defiinte single quantity, 
as a sort of individual. Every chemicallj^ homogeneous 
quantity of mass M then contains a definite number n of 
equivalent weights or equivalents : 

a 

and the following law" then holds : in every chemical 
change equal numbers of equivalent weights react with 
one another. 

This definition, however, siifiers from a defect which 
was seriously felt for a time in theoretical chemistry. It 
is due to the fact that two elements can often enter into 
combination in more than one wav with each other, wliich 
makes the equivalent weight have more than one value. 
Eor example, 1 gramme of hydrogen combines not only 
with 8 grammes of oxygen to form water but also Avith 
16 grammes of oxygen to form hydrogen peroxide, and 
there is no material reason for preferring the one compound 
to the other in defining the equivalent weight. But 
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experiment shows that in sncli a case the different possible 
values of the equivalent weight ahvays bear simple 
integral ratios to one another ; thus in the case of oxygen 
just quoted 8:16—1:2. So we must generalize the 
assertion that equal ” numbers of equivalents react 
with one another by stating that the equivalents react 
with one another in simple integral proportions.” 

§ 14. This indefiniteness in the definition of the equi- 
valent Tveight which we have just described is overcome 
in the case of gaseous substances by selecting from the 
different values that offer themselves for the equivalent 
weight a of a gas a definite value and calling it the molar 
imgJit m of the gas (cf . also end of § 1 15). This is rendered 
possible by the further experimental law^ that gases react 
not only, like all other substances, in accordance with 
simple equivalent numbers but also according to simple 
volume ratios, when taken at the same temperature and 
pressure (Gay-Lussac’s Law). From this it follows 
immediately that the equivalent numbers n contained 
in equal volumes of different gases and defined by (22) 
bear simple integral ratios to one another. The values of 
these simple ratios are, of course, subject to the same 
uncertainty as the values of the equivalent w^eights a. 

If Ave now make the last law more precise by defining 
that the equivalent numbers n contained in equal volumes 
of different gases and defined by (22) are equal to one 
another, this means that we are making a particular choice 
among the different values that come into question for the 
equivalent weight and in this way 'wg obtain for every 
gas a perfectly definite molar weight m and lilcewise, by 

(22), for a given quantity ilf of a gas a definite molar 
number : 


= — (23) 

m 

Equal volumes of all gases under the same conditions of 
temperature and pressure contain the same numbers of 
moles (Avogadro’s Law). 
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The clehiiitdon of the molar weight m as a definite 
quantity dependent only on the nature of the gas itself 
and not on chemical reactions with other substances 
represents one of the most important and fruitful achieve- 
ments of theoretical chemistry. It allows m to be 
measured by physical methods. For, since for any two 
gases 1 and 2 the numbers of moles n contained in equal 
volumes under the same conditions of temperature and 
jDressiire are the same, we have by (23) : 

ill _ i/o. 

nu 


That is, the molar weights and m 2 arc in the ratio of 
the masses contained in equal volumes, namely 
or in the ratio of the densities, Now, by § 7, the ratio of 
the densities of the two gases is represented by the constant 


ratio 




Accordingly we obtain : 


1 1 

7)l-\ p . p 

^'•'2 



and so the molar weight can bo calculated from the 
equation of state. 

If we set the molar weight of hydrogen equal to m/f , the 
molar weight of any other gas is by (24) : 


m = 


On 

G 


ma 



By (10) the factor 


Cii 


~ is the specific density of the gas with 


respect to hydrogen ; the value of the specific density is 
given at the end of § 7 for several gases, 

§ 15, Having fixed the molar weight of any gas un- 
ambiguously by (25), we may now also give an equally 
definite answer to the further question as to how the molar 
weight of a chemical compound is composed of the molar 
weights of its chemical elements. Let m be the molar 
weight of a chemical compound which is formed by two 
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chemical elements having the molar weights and m^. 
The question is : how many moles of each element combine 
together to form a mole of the compound? We are to 
regard the molar weights 7n, irii, as Imovm, by (25), and 
we require to find the molar numbers and Wg. 

To calculate these two unknowns we first have the 
equation : 

+ 7um2 = m . . . . (26) 

and, secondly, the ratio of the weights of the two elements 
in the compoimd : 



From these equations it follows that : 

7n 




WW T 1 



For example, for a mole of water vapour, consisting of 
hydrogen (1) and oxygen (2), we have mi = Further, 
by (25), taking into account the numerical values, given 
at the end of § 7, for the specific densities of oxygen and 
water vapour with respect to hydrogen, we have mg = 


m ~ and for the ratio of the weights we have ^ — 8. 


Consequently, by (28) and (29) : 

Ui = 1, 7^2 = I ; that is, a mole of water vapour consists of 
a mole of hydi'ogen and half a mole of oxygen. 

For a mole of ammonia, consisting of hydrogen (1) and 
nitrogen (2) we have : 


= mu 

Further, by (25) and § 7 : 

7^2 = m = 8 'Sms 
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and for the ratio of the weights we have : 

il/o 14 

Consequently by (28) and (29) : 

3 1 

That is, a mole of ammonia consists of one and a half 
moles of hydrogen and half a mole of nitrogen. 

§ 16. The smallest amount by weight of a chemical 
element which occurs in the molecules of the compounds 
of the element is called an atom or, more accurately — ^to 
distinguish it from the true atom — a molar atom (cf. the 
remarks in the preface and in § 1 1 5) . Hence half a mole of 
hj^drogen is called a molar atom of hydrogen and denoted 
by H ; half a mole of oxygen is called a molar atom of 
oxj^gen, 0 ; haK a mole of nitrogen is called a molar atom 
of nitrogen, N. Thus a mole of any of these elements 
consists of two molar atoms : Go, N^. In the case of 

mercury and the inert gases, on the other hand, the 
molar atom is equal to the whole mole, because none of 
their compounds contains fractions of a mole. The mole of 
water vapoui' is denoted by that of ammonia by 
NH,. 

To arrive at definite numerical values for the molar 
atomic and molar weights it vet remains to fix in some 
arbitrary way the molar atomic weight of some one 
element chosen at random. Formerly H was set = 1 grm. 
and therefore 0=16 grms. But after it had been showm 
that the ratio of the molar weights of oxygen and hydrogen 
is not exactly equal to 16 but to 15*87, and in view of the 
fact that in the case of most elements the oxygen com- 
pounds have been much more accurately analysed than 
the hydi'ogen compounds, it has become customary to 
use the molar atomic weight of 0 as 16 for the purpose of 
definition. The molar weight of oxygen is then : 

O 2 = 32 (30) 
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and tlae molar weight of hydrogen : 




:= 2‘OIG 



and the molar atomic w^eight of hydrogen : 


5^= 1*008 . . (32) 


In general the molar weight of a gaseous chemical com- 
pound is, by (25) and (31) : 


m = 2-016 • 


Cn 

~G 


or, equivalently : 


if Cq denotes the constant of the equation of state for 
oxygen. 

Conversely, if the molar weight m of a gas is known, it 
is possible to give the value of the constant G of its 
equation of state (9) : 


n 


2-016. C/7 32. C, 

m m 



How the density of oxygen at 0° C. and atmospheric 
pressure is : 

1 

- = 0-0014201 grni./cm.s 


• « 


so that by (9), with 0 = 0 and = 1,01,3,260 [grm, cm 
sec.'®], which is given in II (284). we have ; 

n 1013250 

o~PV ~ 0.0014291 “ see.'®] 

and, by (33), the equation of state (9) becomes : 

P = “ (1 + a0) = ^ (1 + a0) . (34) 


mv 


mV 


M . 


m 


is the number of moles contained in the gas, 
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namelj' n ; tliorefore : 

2 - 27 . 10 “ 


V = 


V 


( 35 ) 


Tliat is, tlie volume of a gas at a definite pressure p and 
definite temperature 6 depends only on the number of 
moles it contains and not at all on the nature of the gas ; 
and this is in conformity with Avogadro’s Law. 

Equation (35) also holds for a mixture of gases, that is, 
for the case when the ii moles of a gas are not all of the 
same land. This can be seen immediately from (17) if we 
replace the constants Oqj • • • in it by the corres- 
ponding molar weights ■ . • from (33) and if 

we refiect that the ratios — , — ~ . . . represent the 

mi nu 

numbers of moles ni, . . that occur in the gavS. 
Simultaneously we get the result that the ratios (16) of 
the partial pressures or the partial volumes are no 
other than the ratios of the numbers of moles of the 
individual component gases of the mixture : 


• • • = ( 36 ) 

If, according^, the equation of state of a mixture of 
gases differs in no way from the equation of state of a 
chemically homogeneous gas we cannot speak of a definite 
molar weight of the mixture but only of a mean ” molar 
weight, that is, of thtit molar weight which a chemically 
homogeneous gas would have if it contained the same 
number of moles in the same mass as the mixture. Thus : 


3fi “T ATo 
m 



From this we can calculate the mean molar weight of the 
mixture. In the case of atmospheric air, for example, 
the mean molar weight is 28-8, which corresponds with the 
value given for the specific density of air at the end of 

§ 17. Up to this i)oint of the discussion we have assumed 
that the gas under consideration satisfies the equation of 
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state (0), For in the equation (35) the number of moles 
n is then a constant quantity independent of the pressure 
and the temperature. But if a gas or a vapour manifests 
a behaviour which deviates from that expressed by this 
equation of state we are faced with the alternative of 
applying a generalized equation of state, such as that of 
van der Waals, or else oi retaining equation (35) and 
assuming a value for the number of moles which is 
dependent on the temperature and the pressure : in other 
words, to regard as the cause of the deviation from the 
equation of state (9) either physical or chemical circum- 
stances. According to the first view the moles of the 
gas remain unchanged but they act on one another in a 
complicated manner, while on the second view the gas 
forms a mixture of variable percentages whose constituents 
individually satisfy the equation of state (9). The per- 
centage content may then be calculated by (26) for every 
temperature and every pressure from the mean molar 


weight m 



corresponding to the number of moles 


if the molar weights m 2 , of the constituents are known. 
This view is found to be most fruitful in the cases where 
very considerable changes of the specific density are 
involved, that is, in the case of the so-called abnormal 
vapour densities ; it applies particularly when the specific 
density beyond a certain range of temperature or pressure 
again becomes constant. For then the chemical trans- 
formation has been completed and the molar constituents 
no longer change. For example, amyl bromide satisfies 
the gas equation (9) both below 160° C. as well as above 
360° C., but in the latter state it has only half the density, 
that is, double the number of moles, corresponding to the 
transformation : 


- HBr 


But if the deviations from the equation of state (9) are 
unimportant they are usually ascribed to physical causes 
and are regarded as heralding condensation. A funda- 
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mental sepaTation of the chemical influences from the 
physical influences whicli would complete the definition 
of molar weight for variable sxDecifio densities cannot be 
given from the standpoint of pure thermodynamics. In 
general, therefore, physical as well as chemical changes 
will have to be considered as causes for these de'vdations 
from the equation of state (9). All that we may state 
with certainty is that when the density becomes less the 
physical influences become progressively less important 
comiDared with the chemical influences. Eor when the 
density is sufficiently small the equation of state (9) holds 
for all gases and vapours of constant chemical composition. 



CHAPTER 11 

FIRST LAW OF THERMODYNAMICS 

§ 18. The first law of thermodynamics is no other 
than the universal Principle of Conservation of Energy 
applied to heat processes. The energy of a physical 
configuration may be regarded as a ‘'capacity” to do 
work (I, § 49) which is conditioned and uniquely deter- 
mined by the momentary state of the configuration, and 
which can occur in various forms and undergo various 
transformations but, so long as the configuration is iso- 
lated from the exterior, is of definite amount which does 
not vary with respect to the time : thus E ~ const, or 
E' E = ^ ii E refers to the initial state and E' to the 
final state of the configuration. 

So soon as the configuration is subjected to influences 
from without or exerts an action on the outside its energy 
E alters according to the measure of this external action. 
If the external action is of a mechanical nature the change 
of energy is equal to the work A which the external forces 
perform on the material points of the configuration or 
system (I, § 120). If the external action is electromagnetic 
by nature the change of energy is equal to the Poynting 
energy-flux P (III, § 4) directed inwards through the 
surface of the system. If, finally, the external action is 
of a thermal nature the energy change is equal to the 
quantity of heat Q which has passed from luitlioiit into the 
system. 

For the general case when all three kinds of external 
effects are to be taken into consideration we -thus obtain 
as the expression for the principle of the conservation of 
energy : 

E E = A P Q . , , , (38) 

28 
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The sum on the right-hand side is called 
equivalent of the external effects which are prodn^^^on the 
configuration during its transition from the n^afetate 
to the final state. ( 

This equation must not be regarded as being only**a 
definition. For its validity depends on an assumption 
which is not self-evident and which can be justified only 
by experiment. This assumption is that the value of the 
energy E is to be taken as determined by the momentary 
state of the system. Thus if a physical system is allowed 
to pass in several ways or, as it is often expressed, along 
different routes from a definite initial state to a definite final 


state, the mechanical equivalent of the external actions 
must every time lead to the same value. This law is not 
self-evident but may be tested by measurements in an 
infinite number of ways , If it were found to be transgressed 
in one single instance, that is, if we could point to a case of 
two transitions of any physical system from a given initial 
state to a given final state, for which the above sum 
were to have two different values, the possibility of con- 
structing a perpetual motion ” machine would arise in 
that the configuration could be brought along the one 
route to the final state and then back along the other 
route to the initial state. The whole process then 
constitutes a cycle.'^ Now a cycle can be repeated any 
desired number of times and so gives us a machine which 
functions regularly, its effect being represented by the 
difference of the mechanical equivalents corresponding to 
the two individual transitions. By the energy principle 
this difference is nil, as can also be seen directly from (38) 
if we consider that for a cycle E' - E, and hence for every 
cyclic process the algebraic sum of the mechanical equiv- 
alents of all external actions must satisfy : 


-^4 + P -f- <3 = b ‘ • • • (39) 


This excludes the possibility of realizing a perpetual 
motion machine. 

Since the choice of the physical systems to be con- 
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sidered is quite oi^en, the energy principle (38) may be 
applied to a definite 2 )h 5 ’sical event in very dilferent v^ays. 
For example, ^ye may eliminate all external actions by 
including the body or bodies, to which the action is due, 
ill the physical sj’stem. The external action in question 
is then disposed of and instead of it there appears a new 
term in the energy E of the system. In this way it is 
possible, by extending the system appropriately, to dispose 
of all external actions and to isolate the system so that 
its energy can be regarded as constant. It is not possible, 
of course, to take measurements if the configuration is 
completely isolated from its surroundings, for every 
measurement requires communication with the outside 
world. 

§ 19. The quantity of heat Q taken up by a body may be 
of a mechanical or an electrical nature. Accordmg as 
the case may be we speak of heat conduction or heat radia- 
tion. But in each case the quantity Q refers only to the 
heat transmitted to the hody and not, say, to the heat 
‘‘ contained '' in the body. To be able to give a definite 
meaning to the latter concept general thermodynamics does 
not suffice; it becomes necessary to introduce a special 
hypothesis about the atomic constitution of bodies. All 
that can be measured directly, independently of any 
hypothesis, is the transmission of heat, not the thermal 
state in terms of energy. It is in agreement with this 
ciccumstance, too, that by equation (38) only energy 
differences can be measured; that is, the value of the 

energ}’^ ^ of a body always contains an indefinite additive 
constant. 

In the first two parts of the present volume we shall 
consider only heat conduction, leaving heat radiation to 
be dealt with in the third j)art. Further we shall in general 
restrict our attention to considering bodies at rest. The 
energy ^ of a body then reduces to its so-called internal ’’ 
energ}^ U which, like the pressure is to be regarded as a 
function which is determined by the chemical constitution, 
the temperature d and the volume V = Mv of the body, 
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apart from an additive constant. If we also leave out of 
account external electromagnetic actions the equation of 
energy (38) reduces to the form 

U’-V=A^Q . . . . (40) 

§ 20. Since Q denotes the mechanical equivalent of the 
heat transferred to the body, it is understood that Q is 
expressed in mechanical units (ergs, I. § 47). In thermal 
measurements, however, practical considerations lead us 
to use a special unit, the calorie. This is the quantity of 
heat which 1 grm. of v'ater must take up from without 
in order that its temperature may rise from 14* 5° C. to 
15*5*^ C. All calorimetric measurements are expressil^le in 
terms of this unit. 

The ratio of the quantity of heat Q taken up by a body 
to the resulting increase of temperature 8' — 8~ A8 is 
called the “ mean heat-caj)acity ” of the body between 
the temperatures 8 and 0 ' : 

Q _ n 

Ad ~ 

The heat capacity of 1 grm. of a substance is called its 

specific heat.” 

G = — — Q _ 

M “ 31 .Ae~‘ Ad 

Accordingly the mean specific heat of water between 
14*5° C. and lo*o° C. is equal to one calorie. If we make 
the temperature intervals infinitely small we obtain the 
so-caUed ‘‘ true heat-capacity” of a body and the '‘true 
specific heat ” of a substance, resj^ectively, at the temper- 
ature d : 

^=Cand| = c. . . . (41) 

which in general varies only shghtly with the temperature. 

To be rigorous the above definitions of heat-capacity 
and of specific heat require to be supplemented. For 
since the internal state of a body, besides de]3ending on the 
temperature, also depends on a second variable, say the 
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pressure, the cJiangc of state associated with an increase 
of temperature is not definite until we kno^v how the 
second variable behaves in the process. In the case of 
solid and licpiid bodies, it is true, the iieat-capacity is 
almost independent of whether the heating is performed at 
constant or variable external j^ressnre; for this reasoj7 
we do not usually add a particular condition about the 
pressure in defining the heat capacity of such bodies. 
In the case of gases, however, the value of the heat 
capacity depends very decidedly on the external circum- 
stances under which the heating process is carried out ; 
hence, for them, the definition of heat-capacity must be 
supplemented by having these external circumstances 
specified, which can, of course, be controlled at will. The 
heat-capacity of a gas is taken simply to be that at 
constant atmospheric pressure, since this can be most 
conveniently measured, 

§ 21. To enable calorimetric measurements to be used 
in applying the energy equation (40) it is necessary to 
Imow the factor which converts the unit of heat, the calorie, 
into the mechanical unit, the erg. This conversion 
factor, called the mechanical equivalent of heat, is a 
constant which depends only on the system of measure- 
ineiit used; its value may be foimd most directly by 
making a system pass from a definite initial state to a 
definite final state in one case by external mechanical 
means alone and in another case by means of external 
heat processes alone. For since E' — E has the same 
value in both cases the mechanical equivalents of the 
external actions are equal m both cases, by (40), and the 
mechanical work A in the first case is equal to the heat 
Q transferred to the system in the second case. 

Such measurements were first earned out by J. P. Joule, 
who caused a liquid (water, oil) to pass by two routes 
from a definite state of lower temperature to a definite 
state of higher temperature. This was done in the one 
case only by adding a certam quantity of heat, in the other 
only by performing a certain amount of mechanical work 
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hy means of the friction caused in the licjuid by paddle- 
wheels Avhich were made to turn h}^ falling weights. In 
tliis process no imi)ortance attaches to the ideas we may 
have about the manner in which the heat is generated by 
friction; all that matters is that the final state of the 
liquid must be the same as that produced by the transfer 
of heat to the system. The measurements indicated that 
a calorie is equivalent to 4*19.10’ ergs; consequently 
the mechanical equivalent of heat is : 

a = 4*19 . 10’ ergs/cal (42) 

This numerical value has subsequently been tested by 
numerous measurements. The fact that it always comes 
out as practically the same in all lands of experiments 
with different substances, temperatures, friction ap23aratus 
and weights is a striking experimental confirmation of the 
law of conservation of energy (40). 

§ 22. We shall now ajDply the first law of thermo- 
dynamics to a homogeneous body of given mass M whose 
state is defined by its temperature 6 and its volume V. 
Here and everywhere in the sequel we shall use the word 
homogeneous simply in the sense of physically 
homogeneous,” that is, a homogeneous configuration is 
one whose smallest visible parts (in the macroscopic 
sense, cf. § 115 below) may be regarded as exactly of the 
same kind. It is not a question of the body being 
chemically homogeneous, that is, consisting of exactly 
similar moles throughout. For a parti}’' dissociated 
vapour (§ 17) can very well be physically homogeneous. 
All that we wish to assume here is that the state of the 
homogeneous body in question is uniquely determined 
by the temiDerature and volume no matter whether or 
u'hat sort of internal chemical transfoi^mations occur in 
the course of the changes, of state under consideration. 
The pressure p and the internal energy U are then to be 
regarded as definite functions of d and F. 

Whereas the pressure p may be measured directly the 
energy equation (40) must he applied if we wish to 

D 
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detennine the energy function L\ ^Vo shall first consider 
the particular case of a gaseous body. 

§ 23. If ^ve allow a gas which is initially in thermal 
equilibrium and has an amount U of internal energy to 
flow out of one vessel into another, previousl}^ evacuated, 
a number of comjilicated mechanical and thermal changes 
will take place withm the gas durhig this process. The 
issuing part of the gas will set itself into rapid motion and 
will afterwards become warmer owing to collision with the 
walls of the second vessel and the compression of the 
immediately following masses, while the part \vhich 
remains in the vessel will become cool owing to expansion, 
and so forth. If we assume that the walls of both vessels 
are absolutely rigid and are perfect non-conductors of 
heat, then in equation (40) both A = 0 and Q = 0, and the 
energy of the gas remains constant. This energy is 
composed of many parts, namely of the Idnetic energies 
and the internal energies of all the individual gas particles. 
If, however, we wait sufficiently long, until a completely 
steady state and thermal equilibrium have become estab- 
lished, the energy in the final state again consists only of 
internal energy, and it then follows from (40) that U' = V, 
But the variables 8 and F, on which U depends, have 
passed from their original values to the values 8' and 
V' being greater than F, ^Ve may also find out by 
measuring the temperature and the volume before and 
after the process how the temperature 8 of the gas varies 
as the volume F changes, while the internal energy U 
remains constant. 

tJ oule carried out an exjDeriment of this kind and found 
that for gases 8' is nearly equal to 6. He placed the two 
vessels, one of which was initially filled with air at high 
pressure and the other evacuated, in a common w^ater- 
bath at the same temperature. On carr 3 dng out the above 
process of allowing the gas to stream into the vacuum and 
after waiting for the state of equilibrium to be attained, 
he found that the change of temperature in the Avatei'-bath 
was inappreciably small. From this it follows that even 
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in iii (3 case of walls that are j)erfect nou-concluctorfil of 
heat the final temperature of the gas is equal to the initial 
temperature; for otherwise the change of temperature 
would have been communicated to the water in the above 
experiment. 

Thus when the internal energy of a gas remains constant 
while its volume is changed, the temperature also remains 
practicall}^ constant ; or, m other words, the interna] 
energy of a gas is determined almost entirely by the 
temperature alone and is independent of the volume. 

§ 24. To make tliis conclusion appear quite convincing 
still more accurate measurements are necessary. For in 
the experiment by Joule just described the heat-capacity 
of the gas is so small compared with that of the walls of 
the vessel and the water-bath that it would have required 


A A' B 



a very considerable change of temperature in the gas to 
produce a measurable change of temperature in the water. 
An essential modification of the method was devised by 
W‘. Thomson (later Lord Kelvin) and carried out by him 
in conjunction with Joule; this allowed refined measure- 
ments to be made which gave more trustworthy results. 
It consists in artificially retarding the outflow of gas so 
that it passes directly into its second state of thermal 
equilibrium and the temperature 6' is then directly 
measured in the gas. It does not in this case stream out 
tumultuously as a limited mass of gas into a vacuum; 
rather the gas is led in an unlimited steady stream from 
the region of higher pressure into that of lower pressure by 
being forced through a cylindrical tube of beech-wood 
which is blocked at one point by a porous plug of cotton 
wool or teased sill?: (shown shaded in Fig. 2). 

This enables us to draw an inference about the internal 
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energy of a gas. For this purpose we apply the energy 
ecpiadoix (40) to the system AB when the stream has be- 
come steady; the system AB consists of a mass of gas 
which is on the left side of the porous plug (we reckon it 
from an arbitrary cross-section A) and the plug together 
with the gases contained in it. Let the volume of the 
gas between A and A' be V. We shall choose as our 
final state that which exists wdien the gas particles 
which were originally in A have reached the boundary A' 
of the plug. At this moment those gas particles which 
wore initi.'illy at the cross-section B have now arrived at 
B\ The masses of gas A A' and BB^ are then equal, 
whereas their volumes V and V' wull of course be difierent. 
Let us next calculate the mechanical equivalent A Q 
of the external forces acting on the configuration in 
question. The transferred heat Q is nil ; for the w'^ood of 
which the tube is composed is practically a perfect non- 
conductor, and at A and B' there is no conduction of heat 
because the temperatures 6 and 9' in the gas are constant. 
There then only remains the mechanical work which is 
performed b}" the external forces of pressure acting on the 
slowdy moving system. The force acting on its left side 
is equal to the pressure multiplied by the cross-section of 
the tube; the displacement of the system AA^ is equal 
to the volume V divided by the cross-section of the tube. 
Hence the wnrk done, namely the product of the force 
and the displacement, is equal to p V, On the right side 
of the plug the w^ork done is corresponding] equal to 
— 2 yV\ because here the displacement is in the sense 
opposed to the external force, which acts from right to left. 
So the total external wmk is A~pV—p'V'. Now the 
difference of energies of the system in question in the 
initial and in the final state clearly reduces to the clifierence 
of the internal energies U and IB of the equal masses of 
gas AB and A'B'. For the plug and the gas contained in 
it are in the same state at the end as at the beginning. 
However complicated the events that occur in the plug 
may be, the}" do not come into consideration for the 
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energy equation so long as the process is steady. All in 
all we find then that if wo apply the energy equation (40) 
to the steady process in question we have : 

. . . . ,(43) 

This is the general theory of Joule and Thomson’s porous 
plug experiment. 

As for the results obtained by actual measurement it 
was found that in the case of air in the steady state there 
was a very small change of temperature S — S' in the gas 
on the two sides of the plug ; in the case of hydrogen it 
was still smaller, being hardly measurable. From this 
it follows by (9) that the right-hand side of equation (43) 
and hence also the left-hand side, U' — almost vanishes. 
That is, the internal energy of the gas has remained, 
like the temperature, almost unchanged in spite of its 
greatly changed volume, and the inference already drawn 
at the end of § 23 that the internal energy of a gas at a 
definite temperature is almost independent of its volume 
is confirmed, namely that : 


§ 25. Those processes which, as it is itsually expressed, 
occur infinitely slowly and therefore consist of states of 
equilibrium alone are of particular importance for the 
theory. Taken literally this mode of expression is not 
precise, for the nature of a process necessarily involves 
changes, that is, it assumes disturbances of the state of 
equilibrium. But if ^ve are concerned, not wfith the time 
but only with the final result of the changes we may assume 
these disturbances to be as small as we please compared 
with those quantities which are characteristic of the state 
of the system in question. For example, we can compress 
a gas as slowly as we wish to any fraction of its initial 
volume hy making the external pressure at every moment 
very slightly smaller than the pressure of the gas, and in 
calculating the external work only a very small error is 
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incurred if we use the pressure of the gas instead of the 
external pressure. In passing to the limit this error 
disappears altogether and the result becomes rigorously 
accurate. For the error in a definite result always has a 
definite value, and if this error is smaller than any 
arbitrarily small quantity, it is of necessity equal to zero. 

What has just been said applies equally well to a com- 
pression at constant pressure as to one in which the 
pressure is varying. In the latter case the exactly 
appropriate value must be given to the external pressure 
at every moment. This can be achieved by means of 
special regulating devices which do not involve the per- 
formance of work. 

The position with heat that has been taken up or 
given out is just the same as with the external work. If 
we are concerned vith the value of the quantity of heat 
which a body has received from or given to its surroundings 
it is sufficient to assume the temperature of the heat- 
contamer used to be greater or smaller by an arbitrarily 
small value than the temperature of the body, according 
as the heat is taken up or given out. This slight excess 
simply determines the direction of the process but its 
value does not come into question compared with the 
loliole change produced by the process. For this reason 
just as w^e spoke of the compression of a gas by means of 
an external j)ressiire equal to that of the gas so also Ave 
speak of the transference of heat from one body to another 
at the same temperature; and doing this means only 
that we anticipate the result which is obtained in passing 
to the limit by making the finite small difference of 
temperature of the two bodies become vanishingly small. 

This also apiffies not only to isothermal processes but 
also to those in which the temperature varies. In the case 
of the latter it is not sufficient to have a single heat- 
reseiwoir at constant temperature but rather we must 
have a sufficiently great number of ap^^ropriate heat- 
reservoirs at different temperatures and must at each 
moment use jast that reservoir whose temperature is as 



FIRST LAW OF THERMODYNA^VIICS 


39 


P 

A 


nearly as possible equal to that of the body under con- 
sideration. 

The great theoretical importance of the point of view 
underlying this method of treatment is that every 
“ infinitely slow process can be imagined to be carried 
out in the reverse direction. For if a process consists, 
excet^t for extremely small changes, of nothing but states 
of equilibrium, then clearlj' an equallj^ small change 
aj^propriately applied will always suffice to make the 
process occur in the reverse direction, and the magnitude 
of this very small change can, as above, be made vanish- 
ingly small b}^ passing to the limit. 

§ 26. We now proceed to apply the first la'w of thermo- 
dynamics to a process of this 
kind wMch consists only of 
states of equilibrhim and is 
therefore reversible. It may be 
pictured graphically in a simple 
way by plotting the series of 
equilibrium states successively 
passed through by the body as 
a curve in the plane of a co- 
ordinate sj'stem whose axes 
rej)resent the values of the 
independent variables. We 

shall here agam choose as our independent variables 
the volume V (abscissae) and the pressure p (ordi- 
nates). Corresponding to eveiy point in the co-ordinate 
plane there is then a definite state of the homo- 
geneous body in question and every curve denotes a 
definite continuous and reversible change of state. A 
reversible process, for example, which brings the body 
from a state 1 to a state 2 is indicated by a curve a which 
passes from the point 1 to the point 2 (Fig. 3) . By equation 
(40) the increase of energy of the body is : 





Tig. 3. 


“■ = A -j- Q . . . • (45) 

whore A denotes the work done by the external pressures 
and Q the heat transferred to the system from without. 
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^21. The valiTG of A can be calculated directly. For A 
is the algebx'aic sum of the elementary portions of work 
which are performed by the external pressure during the 
successive infinitely small changes of the body, corres- 
ponding to the individual elements of arc of the curve a. 
Now since the external pressure at any moment is to be 
set equal to the pressure p of the body — as the process is 
assumed to be reversible~the external work done in an 
infinitely small cliangc of state is, by II (278), in general 
equal to — p . dV and is independent of the shape of the 
surface of tlie body. Accordingly the external work done 
during the course of the whole jorocess is : 

A = — j p .dV (46) 

-i 

where the integration is to be taken along the curve a 
from the point 1 to the pomt 2. If p is positive, as in the 
case of gases, and Vo> Vi, as in Fig. 3, then A is negative ; 
that is,‘ no external work is done on the gas but work is 
done by the gas, say, by raising a weight which is j^ressing , 
down on the gas. 

To be able to carrj’' out the integration it is necessary 
to know how the pressure p depends on the volume F, 
that is, we must Imow the shape of the curve a. So long 
as only the points 1 and 2 are known and the connecting 
curve is not given, the integral has no definite value. 
Thus if the transition from 1 to 2 occurs along another 
curve [B the result of the integral will be quite different. 
Hence the differential pfZF is, we msby say, an ‘‘ incomplete 
differential.*^ Regarded mathematically, this circum- 
stance is due to the fact that besides depending on V the 
quantity p also depends on another variable, the temper- 
ature 6i which will change in a certain way in passing 
along the path of integration a. So long as a is not laiown 
nothing can be said about the dependence of 6 on the 
integration variable V ; and so the integration cannot be 
performed. 

The external worlv A has a very simple graphical mean- 
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ing ill Fig. 3. By (46) it is clearly equal to the negative 
value of the area of the figure enclosed by the curve a, 
the F-axis and the ordinates through the jioints 1 and 2. 
From this, too, ive see that the value of A is essentially 
conditioned lij’ the course of the curve a. It is only for 
infinitely small changes of state, that is, when the jioints 
1 and 2 are infinitely close to each other, or when a 
contracts to a curve element, that A is determined by the 
initial and final point of the curve alone. 

§ 28. From the value (46) for A and the energy equation 
(45) the heat transferred to the body comes out as : 

Q^U^- fpdV . (47) 

From this we see that the value of Q as well as that of A 
is conditioned not by the points 1 and 2 alone but also by 
tlie shape of the curves a and (5 that connect them. In 
addition, to be able to calculate Q, we i^equire to laiow 
the energy U of the body in the states 1 and 2. 

The quantity Q can be calculated independently of the 
energy U in the case where the body is finaUy again brought 
to its initial state 1 , that is, when it performs a cycle. This 
can ha]3pen, for examjDle, when it is first brought to the 
state 2 along the path a and then back to the state 1 along 
the path j3. For then, as has already been shovm in § 18 ; 

<3 = - A = (48) 

Avhere the integral is to be taken over the closed curve 
1 a 2 (3 1 . A at the same time represents the area of the 
surface enclosed by this composite curve; it is positive 
when the cycle takes place in the direction indicated by 
the arrow (Fig, 3). 

Such a cycle, when performed any number of times in 
the appropriate direction, represents the type of a machine 
worldng periodically, which continually converts heat into 
mechanical energy. 

§ 29. In this paragraph we shall consider more closely 
the special case in which the curve a characteristic of 
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the change of state contracts into a curve element and so 
brings the points 1 and 2 infinitely close to each other, 
Equation (47) then becomes : 

Q^cW^^dV (49) 

Referred to unit mass of the body this equation runs : 

q == du -r pdv (50) 


if the quotients of Q, U and V by the mass M are denoted 
by the corresponding small letters. An important con- 
sideration for the following calculations is to know which 
of these quantities are used as independent variables. It 
is usual to take the temperature 9 for one and either the 
volume V or the pressure p for the other. We shall choose 
the independent variable according to requirements and, 
to avoid confusion, we shall specially note the sense of the 
differentiation. 

We shall now apply equation (50) to the most important 
properties of a homogeneous body. 

§ 30. By (41) and (oO) the specific heat of the body is : 


c 


q _^dii , dv 

de~^~^d8 



As has already been emphasized in § 20 this quantity has a 
definite value only when the manner of heating is specified. 
Actually, the differential cj^uotients in (51) acquire a mean- 
ing only when an equation of condition between the two 
independent variables, say 6 and v, is given. The most 
important cases are those in which either the volume v 
or the pressure p is kept constant during the heating 
process. 

When heat is added at constant volume 'we have 
dv — 0, and by (51) we get for the specific heat at constant 
volume ; 
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or, since : 

(Zxi 

\dvJQ’ 

wo have, talcing into account (52) : 

0y \ 
/ 



§ 31. Let us ap2)ly the last equation to a gas. For this 
we have by (44) : 



and by (34) : 


2 * 27 . 101 %, , .. 

V (1 -h c/,6) 


Consequently V'c have by (54), bearing in mind (6) : 

2*27. IQio 


mcp 


273-2 


= 8-31.10’ = 


(55) 


That is, the value of the difference of the molar heat at 
constant pressure and the molar heat at constant volume 
is almost the same value for aU gases, namely R. 

There are difficulties in subjecting this formula to a 
direct experimental test because in the case of a gas only 
the specihe heat Cp at constant pressure can be con- 
veniently measured, but not the specific heat at constant 
volume. For a quantity of gas contained in a closed 
vessel of constant volume has a far too small heat capacity 
compared with external bodies, in particular the walls of 
the vessel, to be able to jn’oduce thermal effects measurable 
with ordinary apparatus (cf . § 23 above) . But nevertheless 
the equation (55) admits of an import.ant practical con- 
sequence in itself. For shice, by (52), Cv like u depends 
only on the temperature and not on the volume, the same 
follows by (65) for Cp, 

This conclusion was first verified by the measurements 
of Regnault and was by no means obvious at the outset. 
On the contrary, in the older theory of heat due to Carnot, 
which regarded heat as an indestructible substance, it was 
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inferred from the fact that a gas is heated bj' compression 
fcliat the heat capacity of a gas is considerably diminished 
by reducing its volume, inasmuch as during the com- 
pression the heat is as it were pressed out of the gas in 
much the same way as water is squeezed out of a wet 
sponge, Regnault's results prove that this view is 
untenable. Moreover Regnault found that Cp is constant 
over a fairly wide range of temperature. By (55) Cv is 
then also nearly constant over the same range of temper- 
ature, and by (52) the energy of the gas is : 

II = Cf . 6 + const (56) 


The additive constant of integration is essentially indefinite 

{§ 1 ^)). 

If the molar heat is not measured in mechanical units 
hut in calories, the quantity R in (55) must of course be 
divided by the inechaidcal equivalent of heat a given i 22 
(42) ; and we have as the difference of the molar heats at 
constant j^ressure and constant volume : 


= 1-983 



According to the measurements obtained for all mon- 
atomic gases the molar heat is almost equal to 5; for 
diatomic gases it is nearly equal to 7, for polyatomic gases 
it is still greater. From this we obtain by (57) for the 
molar heat at constant volume the corresponding values 
of approximately 3, 5 and more. And so we get for the 
ratio of the two molar heats : 


As the number of atoms in the mole increases k de- 
creases without limit towards 1. A reason for this 
regular behaviour is given only by modern atomic theory 

(§ 

§ 32. Now how is the heating of a gas by compression 
to be exj>lained on the theory that has been developed? 
To answer this question we need only apply the equation 
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(5()) of the first law to a process in which the gas is com- 
pressed without heat being allowed to pass through the 
walls of the ■vessel, and which is therefore called 
adiabatic.” The condition 0 which is characteristic 
of adiabatic processes gives, by (50) : 


dii -h ]}dv = 0 

and by (56) and (34) : 


CvdB 


2-27 . 
mv 


(1 + 



This differential equation may be interpreted term by 
terzn, if we first divide by (1 + a.9). We then get : 

“ log (1 + ay) -h log V = const, 

or by (6) and (55) : 

mcy log (1 -f oid) R log V = const. . (59) 


The values of the constants of integration are given by the 
initial state. By using the relation (55) and introducing 
the ratio k of the specific heats (58) we may also write 
this in the form : 

log (1 + a^) -f {k — 1) log V ~ const. (60) 


and in this way we obtain the law of the increase of 
temperature with decrease of volume, which is completely 
determined by the numerical value of k. 

If we wish to Imow the adiabatic relation between the 
volume and the ]3ressure, we must eliminate 6 from (60) 
by means of the equation of state (34) ; for this purpose 
we convenient!}^ write (34) in the form : 

logp + log - log (1 -h a^) = const. 

By adding the last two equations we then get : 

logp + /clog 2 ; = const, or pv" = const. . . (61) 

as the law for the adiabatic compression of a gas. A 
comparison wdtli the law of isothermal compression, 
pv= const., shows that in adiabatic compression the 
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pressure increases more rapidly as the volume decx^eases 
than in the case of isothermal comjpressionj as is natural. 

§ 33. Smce by (61) adiabatic processes may be used to 
measure k they furnish us with an important means of 
testing the theory since we can compare this value with 
the numerical values (58) calculated from the mechanical 
equivalent of heat. 

For example, we can use the measurement of the 
velocity of sound in a gas to calculate k. By II (293) 
tins velocit}" is : 


where k denotes the density of the gas and is also equal to 
From this it follows that ; 

K 

V 

If in this formula we substitute for air at 0° C. and at one 
atmosphere pressure : 

a = 33200 cms./sec. 

= 1013000 grins. /cm. sec.- 

and, by II (284) : 

h— 0-001293 grms./cm. 

we get K= 1-40 which agrees with the numerical value 

7 

-in (58) for a diatomic gas. 

0 

Of course we may conversely also use the value of k 
calculated from the velocity of sound to calculate Ov in 
calories and then, by applying (55) to calculate the 
mechanical equivalent of heat. This method of evaluating 
the mechanical equivalent of heat was origmally used by 
Eiobert Mayer in 1842. It is true that we must have for 
this piuqDose the relation (44) which expresses that the 
energy of the air is mdependent of its volume or, in other 
words, that the difference of Cp and Ci? is conditioned only 
by the external work, as otherwise the general relation 
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(74) ^\’ould ha^'L' to bu assumed — an assimii)t.ion which 
could be regai’ded as directR proved only after the 
experiments of Joule and Thomson described in § 24 had 
been carried out. 

§ 34. Leaving the reversible changes of state of a 
homogeneous body ^yo next turn to those processes wliich 
are connected with changes of the aggregate state or 
chemical transformations. In each case we can again 
apply equation (47) to the process. In tliis ec[uation Q 
then denotes the “ heat of transformation ” or “ heat tone 
{W dnnetonung) and is positive if the heat is transferred 
from without. In this process we always assume the 
final temperature Oo equal to the initial temperature 
In changes of the aggregate state Q occurs with its 
appropriate sign as heat of vaporisation, heat of condens- 
ation, heat of fusion or heat of solidification ; in chemical 
processes it occurs as heat of reaction, heat of combination, 
heat of solution, heat of dissociation and so forth. We 
see that the value of Q does not in general depend only 
on the initial and final states of the configuration in 
question but also on the path followed between these 
states and, in ^3articular, on the external work. Eor 
processes which occur at constant volume as, for example, 
combustion in a hermetically sealed vessel, a so-called 
calorimetric bomb, we have Q= C /2 “ 
equal to the difference of the energies. On the other 
hand, for isobaric processes — such as most chemical 
processes are, as they occur at ordinary atmospheric 
];)ressine — we have : 

Q=U,-U, - 7i) (62) 

or, referred to unit mass : 

g - 1/2 - 1/1 ■ (63) 

If we unite these equations in the form : 

Q = (C/ + pF)2 “ {U 

we see that in the case of isobaric processes, too, the heat 
of transformation depends only on the initial and the 
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final states. J3ut it is not represented as in isoclioric 
processes by the difference of the energy U but by the 
difference of the function : 


W = C/ + pF 


(64) 


n-hich Gibbs calls the “ heat function at constant lU'essure, 
while Mollier calls it the “ enthalpy.” For unit mass it is 


5 ) 


^ -h pv (65) 

In many cases, i3articula.r]y in vigorous chemical reactions, 
but also in clianges of the aggregate state in which no 
gases participate, the amount of the external work is so 
small compared with the heat of transformation Q that 
we can exchange the heat function at constant pressure 
with the energy without incurring an appreciable error. 
If the configuration contains gaseous parts in its initial 
or its final state, then, in calculating the external work, 
it is as a rule sufficient to consider these parts alone; 
that is, the volume change of the solid and liquid bodies 
may be neglected. If ?Zi and are the numbers of 
gaseous moles in the initial and final state, respectively, 
we obtain, by (62) and (35), for an isobaric process, using 
mechanical units : 


e - 27.2 - -h 2-27 . IQio (n,^ - %) . (1 -f o:&) . (66) 

Thus the amount of the external work done depends only 
on the change in the number of gaseous moles and the 
temperature, but not on the pressure. 

The fact that the heat function Tf at constant volume 
plaj^s the same part in isobazic pi’ocesses that the energy 
U plays in isochoric processes also manifests itself in the 
case of the specific heats. For, corresponding to the 
equation (52) for Cu we have the equation : 



which, on account of (65), is identical with (53). 

§ 35. Since the heat of transformation Q refers to a 
definite temperature 6 the value of Q will in general depend 



u. 


FIRST LAW OF THERMODYNAMICS 40 


oil 6 , There is a simple relation for this dependence, 
wliich is obtained by differentiating Q Avith respect to 6, 
For in the case of isochoric transformations Q — Clg ““ 
and ; 



On the other liand, for isobaric transformations we have 
Q= ICo— TTi, and by (67) : 



where Cv and Op denote the heat capacities of the system at 
constant volume and constant pressure, and the indices 1 
and 2 refer to the state of the configuration before and 
after the transformation. 

Thus we find the influence of temperature on the iso- 
baric heat of combustion of hydrogen in forming liquid 
water by subtracting the isobaric heat capacity of an 
explosive mixture of oxygen and hydrogen (state 1), con- 
sisting of one mole of hydrogen and half a mole of oxygen, 
from the heat capacity of one mole of liquid water (state 
2). jSince, by § 31, the molar heat of hydrogen and ox 3 ^gen 
is 7 and the specific heat of water is 1, while its molar 
weight is 1 S, -we have : 

= 7 + --7 = lO'O 
(Gp), = IS . 1 = IS. 

Hence, liy (69) : 

) = 18 - 10-5 = 7 - 5 . 


No\v in the present case Q is negative because the heat of 
reaction is given to the surroundings. Consequently the 
amount of tlie lieat of combustion of a mole of hydrogen 
decreases bj^ 7-. 7 calories per degree as the temperature 
increases. 



CHAPTEE III 

SECOJID LAW OF THEEMODYNAMICS 

§ 3G. The content of the second law of thermodynamics 
is sliarjDly distinguished from that of the first law because 
it concerns a question which is not touched on by the latter 
at all, namely the question of the direction in wliieh a 
thermal process occurs in nature. For not every change 
which is compatible with the principle of conservation 
of energy satisfies the fxu’ther condition imposed by the 
second law on the processes that actually occur in nature. 
If, for example, an exchange of heat occurs by conduction 
between two bodies at different temperatures, the first 
law requires only that the amoimt of heat given out by 
the one body should ecpal the amount of heat taken up by 
the other body. Whether the heat conduction occurs in 
the one or the other direction cannot be decided on the 
strength of the fii’st law'. Indeed, the concept of temper- 
ature is in itself foreign to the energy principle, as can be 
seen from the fact that tins prmciple does not lead to an 
exact definition of temperature. 

As for the direction in which processes occur in nature 
and the w'ay in w'hich this question is answered by the 
second law there is an essential difference betw'een 
mechanical and electrodyiramic events on the one hand and 
thermo-chemical events on the other hand— a difference 
to which we have already alluded in § 2. For whereas the 
former can ahvays also occur in the exactly opposite 
direction— a heavy body can rise just as well as it can fall, 
a spherical electrodynamic wave can propagate itself just 
as well inw'ards as outwards — according to the second 
law no thermal event can be directly reversed. 

60 
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The problem of formulating the second law correctly 
has occupied physicists for decades. A long time passed 
before it was recognized that the content of the second 
law is not exhausted if — as was done occasionally even by 
Clausius and later with renewed emphasis by Ostwald — 
every process in nature is resolved into a series of energy 
transformations and the direction of each individual 
transformation is enquii'ed into. It is true that in each 
individual case we can name the different kinds of energy 
that are transformed into one another — this follows from 
the fii’st law — but there always remains a certain 
arbitrariness as to how the individual transformations 
are allocated to one anotherj and this arbitrariness cannot 
be removed by a general convention. 

Even nowadays the nature of the second law is some- 
times sought in the tendency of natural phenomena to 
“ degrade energy on the ground that, for example, 
mechanical energy can be completely transformed into 
heat but heat can be transformed onlj' incompletely into 
mechanical energy, in the sense that if a quantity of heat 
is transformed into mechanical energy then another 
transformation, such as a thermal transition from a higher 
to a lower temperature which serves as a compensation 
process, must always occur simultaneously. 

That this formulation, which is useful in special cases, 
by no means gets to the root of the matter can be seen 
from the following simple illustration. If a gas is allowed 
to expand, doing work in the process, and if at the same 
time the temperature of the gas is kejDt constant by the 
transference of heat from a reservoir at a higher temper- 
ature, we may say that the heat transferred by the 
reservoir has been completely transformed into work. Eor 
while the gas has retained its temperature it has also 
retained its internal energy unchanged (§ 24), and other 
transformations of energy are not occurring. No fact of 
any kind can be objected to in this assertion. But in the 
case of the second law we are concerned with particular 
facts that can be ascertained by measurement. That is 
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also why the second law cannot be deduced a priori. We 
can speak of proving it only in so far as its total content 
may be deduced from a single simple fact of experience of 
convincing certainty. 

§ 37. In connexion with what has just been said we 
shall now base the general 2 n’oof of the second law on the 
following emj^irical law : it is impossible to construct 
a machme which functions with a regular period and which 
does nothing but raise a weight and cause a corresponding 
cooling of a heat reservoir/^ 

Such a machine could be used simultaneously as a 
motor and as a cooling machme without any other ex- 
penditure of energy or materials. It would at any rate be 
the most advantageous in the 'world. It would not be 
equal to the perpetual motion machme , for it by no means 
produces work from nothing, but from the heat which it 
abstracts from the reservoir. That is also the reason why 
it does not, liice the perpetual motion machine, conflict 
with the first law. But it would nevertheless possess the 
most essential advantage of the perpetual motion machme 
for manldnd, that of supplymg work -without expenditure. 
For the heat contained in the soil, in the atmosphere and 
in the ocean is always available, just like the oxygen 
of tile air, in inexhaustible quantities for direct use 
by anj’-one. This circumstance also accounts for our 
beginning with the above empirical law. For as we shall 
deduce the second law from it we secure for ourselves, in 
the event of our ever discovering any deviation of a 
natural phenomenon from the second law, the prospect of 
immediately being able to apply it practically in a very 
important way. For as soon as any phenomenon is 
found that contradicts a single inference from the second 
law, the contradiction would be due to an inaccuracy in 
the very first assumption on which it is based and it would 
be possible, by following the above reasoning backwards 
step by step, to use the phenomenon to construct the 
machine above mentioned. For the sake of brevity we 
shall in the sequel foUo'vv a suggestion of Ostwald and call 
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it a peri:)etual motion machine of the second land,” since 
it hears the same relation to the second law that the 
perijetual motion machme of the first kind bears to the 
first law. 

§ 38. If Ave compare the tAA^o lands of perpetual motion 
machine at once observe a fundamental difference : 
the laAV forbidding the perpetual motion machine of the 
first kind also ajpplies converseh", that is, work can neither 
be produced absolutely nor annihilated absolutely, 
whereas the laAV which forbids the perpetual motion 
machine of the second kind does not apply conversely; 
that is, it is certainly possible to construct a machine 
which does nothing more than loAver a Aveight while a 
heat reservoir is correspondingly warmed. As an illustra- 
tion of this land of machine Ave have that used by Joule 
to measure the mechanical equivalent of heat; it is set 
into motion by means of a falling weight AAhich causes 
rotating paddle-Avheels to Avarm a liquid by friction. For 
if the Aveight reaches the floor AAuth vanishingly small 
velocity no change has taken place in nature except that 
the liquid — ^AA'hich is here to be regarded as a heat reservoir 
— has been warmed. In fact it is clear that every 
frictional process represents a reversed perpetual motion 
machine of the second land, so that our empirical law 
stated above may also be formulated as follows : there is 
no possible Avay of completely reA^ersing a process in which 
heat is generated by friction. The AA'Ord completely ” is 
used here to express that the initial state of the frictional 
process has eAJ’eiyAAdiere been exactly restored. To take a 
definite example, if after a Joule^s friction experiment had 
been carried out it Avere possible by some process to bring 
the fallen weight back to its original height and to cool the 
liquid correspondingly Avithout any other changes re- 
maining this Avould obAuously be a per23etual motion 
machine of the second kind. For it does nothmg beyond 
raising a Aveight and correspondingly cooling a heat 
reservoir. 

For the sake of brevity Ave shall call a process which can 
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ill no way whatsoever be completelyreversed “ irreversible ” 
and all other 2 :)rocesses reversible/* For a process to be 
reversible, then, it is not sufficient to restore the bodies 
that participate in the process to their initial state — this 
is always possible in principle — but it is required that it 
should in some way be possible to restore the initial 
condition of the process everywhere in nature, no matter 
what technical devices and mechanical, thermal, chemical 
and electrical apparatus are used. All that is essential is 
that any material and apparatus used should at the 
end be again in exactly the same state as in the beginning 
wlien they were taken for use. 

§ 39. Any 2 ^ 1 ’ocess that occurs in nature is either re- 
versible or irreversible. We have as examples of reversible 
processes all purel 3 ^ mechanical and electrodynamic 
processes. For if they occur in the reverse direction the 
initial state is completely restored. As an example of an 
irreversible process we have had the generation of heat 
by friction ; other examples will be given in the sequel. 

The significance of the second law consists in the fact 
that it furnishes us with a necessary and sufficient criterion 
as to whether a definite process that occurs in nature is 
reversible or irreversible. Since the decision on this 
question depends only on whether the j^rocess can be com- 
pletely reversed or not, we are concerned only with the 
constitution of the initial state and the final state of the 
process but not on its intermediate course. For it is 
merely a question as to whether, starting from the final 
state, we can or cannot again arrive at the initial state 
without anything being changed. Hence the second law 
furnishes for any 2)rocess whatsoever in nature a relation- 
ship between those quantities which refer to the initial state 
and those which refer to the final state. In the case of 
irreversible processes the final state is distinguished by a 
certain pz'operty from the initial state, 'whereas in the case 
of reversible processes these two states are in a certain 
sense of equal value. We shall exi)res 3 ‘this briefly by 
saying that in the case of an irreversible process the 
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final state has a greater “ thermodynamic probability 
or a greater “ thermodynamic weight ’’ (we say “ thermo- 
dynamic to distinguish it from '' mathematical 
probabilit}^ or mechanical u'eiglit^ respective!}’) than the 
initial state . These words are to convey no more than what 
has been said above. We may then formulate the content 
of the second law by saying that it gives us a measure of 
the magnitude of the thermodynamic 2)robability or the 
thermodynamic Aveight of a physical configuration m a 
given state. Our next task is to find this measure. 

§ 40. To solve this problem we shall adopt the follovmig 
course. Let us imaghae an arbitrary system of bodies and 
let us consider any tAA-o different and exactly defined 
states of the system, Avhich vre shall denote by Z and Z'. 

The question is whether and under what conditions a 
process in nature is p)ossible such that it transfers the 
system of bodies in some way from the state Z to the state 
Z' or conversely, without anything being left changed 
outside the system. We can make the last i^roviso super- 
fluous by including all the bodies in the Avorld in the 
system under consideration. In other words, our object is 
to specify to which of the two states Z and Z' the greater 
thermodynamic probability is to be assigned. There are 
clearly three different possibilities. A transition may be 
possible both from the state Z to the state Z' and also 
conversely from Z' to this process is then reversible 
every time and, indeed, in all its parts, and so the 
prohabihties are equally great for both states. Or .a 
transition may be possible from Z to Z' but not reversely 
from Z' to Z] the process in question is then irreversible 
and the probability of Z' is greater than that of Z, Or, 
lastly, the oj)posite case may occur, namely if an irrever- 
sible process from Z' to Z is possible of execution, so that 
Z has a greater probability than Z\ 

If the definition of the tAvo states Z and Z' is quite 
arbitrary at the outset, they must nevertheless fulfil the 
condition that the transition from one state to the other 
involves the loss neither of matter nor of energy. For 
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otherwise the x^rocess in (Question would bo inix^ossihle 
from the very start. The system of bodies must therefore 
have the same chemical constituents and the same energy 
in both states. Otherwise, however, Z and Z' may be 
selected arbitrarily. 

§ 41. We start from the simj^lest case that the states 
Z and Z' are distinguished from each other only by the 
behaviour of a single homogeneous body of the kind 
considered above in § 22. Let this body have the volume 
V and tlie temperature d in the state Z^ the temperature 
being measured by any thermometer, for exam^ofe, a 
mercury thermometer or any gas thermometer; and in 
the state Z^ let it have the volume F' and the temx)erature 
O', The volume and the temperature also determine 
the energies of the body, U and resx:)ectivety. Since 
U and U' are in general different from each other and 
since on the other hand we must ensure that the transition 
from Z to Z' satisfies the energy x^rinciple, we imagine an 
invariable weight G included in the configuration in 
question, the centre of gravity of this weight being at a 
height h in the state Z and at a height h' in the state Z\ 
so that : 

G,{h -U , . . . (70) 


From the stand2:)oiiit of the energy x^rincqfie a transition 
of the system from one state to the other is x)ossible 
without anything remaining changed outside the system. 

We now start from the state Z and endeavour to reach 
the state Z\ To do this wo first subject the body in 
question to a reversible adiabatic change, as was done in 
§ 32 with a gas. We then have Q — 0 and by (49) : 


clU -b fdV = 0 . 

Also : 


Thus we get : 
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The* expression on the left-hand side is not a complete 
differential, as wo saw in § 27. But there is always an 
‘‘ integrating factor ” N, that is, a function of the two 
indejDcndent variables 6 and V which when divided into 
the expression makes it a complete differential, so that 
we may always write : 


-VT Li Aw? ■ « » t 

where S is now a finite function of the two independent 
variables B and V. We may thus regard S, just like the 
energy U, as a definite x>roperty of the state of the body. 
Wc shall follow Clausius and call it the “ cntroi^y ” of the 
body in the state defined by 9 and F. 

But the definition of the entropy given l^y (72) is not 
yet uniq^ue. For there is not only one, but, indeed, an 
infinite number of q^uantities iV, which when divided 
into the expi^ession (71) make it a complete differential. 
This is easily seen by writing N. f(S) instead of N, where/ 
denotes any arbitraiy function of a single variable. 
Corresponding to every expression for / there is then a 
different complete differential (72) and lienee a different 
definition for the entropy. 

Hence there is in the quantity" N one factor, dependent 
only on S, which can be selected arbitrarily; and to 
complete the definition of entro 2 :>y it is necessary to fix 
this factor. For the present, however, we shall leave our 
decision on this question 0 ]Den and shall calculate for the 
])resent with any arbitrarily chosen W, vdiich we take as 
positive : 

.V>0 (73) 

The foUowmg theorems hold independently of the 
arbitrarmess still left in the definition of entropy. 

Now that S has been determined by (72) we may 
integrate the differential equation (71) and we obtain : 

S = const (74) 

a definite relation between 6 and F which holds for the 
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process deseribeclj or a relation between V and F, the 
so-called reversible adiabatic relation. 

§ 42. To pass from the state Z to the state let ns now 
make 1" transform into F', V transforming into during 
the process, by (74). At the same time a certain amount 
of mechanical work is performed by or on the system ; let 
it correspond to the transference of the iveight G from the 
height h to tlie height Jy^. We have, by the energy 
princmle : 

G.{jy^ -^]i) = v 

or, ])y (70) : 

G.{Jy^ ~h') == U'^m ... (75) 

Three cases are then possible : 

1, U'^= U\ The body then satisfies the conditions of 
the state Z\ and since the weight Q is then also at the 
height h' determined by (75), the state Z' is com' 
pletely attained ; the desired transition is then realizable, 
the process being reversible, Thus in this case the states 
Z and Z^ have the same probability. 

2, The transferred energy of the body, 

is then less than in the state Z'. In this case the state 
Z’ may be attained by heating the body b}^ friction, the 
volume F' being kept constant ; this is done by allowmg 
the weight G which, by (75), is situated at the height 
to sink to the level h\ The state Z' is then com- 
pletely realized but now, according to § 39, by an ii’rever- 
sible process, that is, the state Z^ possesses a greater 
probability than the state Z. 

3, U^>U\ Then and the transition to the 

state Z' is impossible as it would represent a perpetual 
motion machine of the second kind (§ 38). Hence in this 
case the state Z has a greater probability than the state Z\ 

Let us next eiiqime into the behaviour of the entropy 
of the body in question in the three different cases. By 
the definition of entropy (72) and by (73) the entropy 
changes in the same sense as the energy, if the volume 
remains constant {clV = 0). Now wdien the volume V' 
and the energy are attained the entropy has retained 
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its original value S by (74), the difference of S and S\ 
that is, the difference of the entropies of the states {V\ 
U^) and (F^ TJ^) has the same sign as the difference of 
and TJ\ Thus in the first case 8 — 8' ; in the second 
S<S' ’j in the third 8 >8'. 

From this it also follows conversely that according as 
the entropy 8' of the body in the state Z' is just as great, 
greater than or less than the entropy 8 of the body in the 
state Z, the state Z^ has a probability which is just as great 
as, greater than or smaller than that of the state Z. 

§ 43. The last deduction leads us directly to a theorem 
of far-reaching importance. If any arbitrary physical 
configuration has passed by means of some reversible 
physical or chemical process from a state Z to another 
state Z\ ^vhich differs from the state Z only by the circum- 
stance that a single body of the kind just considered has 
undergone a change and that a weight has correspondingly 
shifted its centre of gravity, then the entropy of the body 
in both states is the same. For if it had become greater 
the transition from Z to Z' would be irreversible according 
to the preceding paragraph, which would contradict the 
initial assumption. And if it had become smaller the 
transition would be impossible, which would also lead to a 
contradiction. But if the supposed process was 
irreversible, then the entropy of the body in the state Z^ 
is necessarily greater than in the state Z. 

A simple illustration is given by the adiabatic expansion 
of a gas without the performance of external work, wdiich 
was described in §§ 23 and 24. Since, for this, dU = 0 
and dF>0, we have by (72) that d8>0; that is, this 
process is irreversible, just like friction. 

§ 44. We shall now assume that the two states Z and Z' 
given from the outset differ owing to the different behaviour 
of two bodies, which we shall denote by 1 and 2 , Let them 
be characterized in the state Z by the values Fi, 
and in the state Z' by the values F\, 6\y F'g* Then 
the internal energies and the entropies of the bodies in 
the two states are determined, the entropies being 
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except for the arbitrary factor still involved in the 
definition of entropy. 

To make a transition from Z to Z' possible at all we 
shall suppose an invariable weight G to be included in 
tlie system of bodies, the centre of gravity of Q in the state 
Z being at the level Ji and in the state Z at the level li' so 
that : 

G{h - h') = {U\ + U\) - {L\ + f/a) . . (76) 

The mechanical work necessarj^ for the transition from 
Z to Z' is then available to exactly the right amount. 

Starting from the state Z we now again endeavour to 
effect the transition to the state Z' by means of an 
irreversible process. So long as we treat each individual 
])ocly adiabatically their original entropies and 
jSo remain constant by (74) and we make no progress. 
But we have a means of altering the entropies in a re- 
versible wa 3 ". For we first bring the two bodies singly by 
an adiabatic reversible path to a quite arbitrary 
temperature 6 and then put them into thermal connexion 
with each other (but not so that their ]prcssures* can 
equalize). This does not disturb the thermodynamic 
equilibrium, and the two bodies now represent a single 
s}^stein capable of certain reversible changes, and its 
state is determined by three mutually independent 
variables 

If we now subject this composite system to a further 
reversible adiabatic process bj^ slowly altering the volumes 
Fj and F 2 independently of each other in some way by 
compression or dilatation, the change in the total internal 
energ}^ is, by the first law, equal to the total external 
work, thus : 

dU I H" dlJ 2 “h h 2^2^^F'2 ^ 

or, by (72) : 

ISi idS I "b I^^dS^ = 0 . . . , (17) 

In this algebraic sum the first summand denotes, by (49), 
the heat transferred to the first body from without while the 
second term denotes the heat transferred to the second 
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body, which is equal and opposite to the former amount, 
Equation (77) imposes a condition on the three variables 
6, Vi and Fo) so that only two of them, say 9 and Fi, may 
be arbitrarily chosen, while the third, F 2 , is then fixed. 
Hence by a reversible process of this kind it is possible to 
bring the body 1 into any arbitrary state, whereas the state 
of the body 2 has necessarily to adjust itself to that of 
the bodv 1. 

§ 45. But we can assert still more. Every time when 
the body 1 assumes its original entropy Si at an arbitrary 
temperature 9 the second body 2 also possesses its original 
entropy /Sq. Por as soon as the entropy of the body 1 
lias again become Si the bodies can be separated and the 
Imdy 1 can be brought alone into its initial state Fi) 
by means of a reversible adiabatic process. The state 
of the system of bodies which is produced in this way 
then differs from the original state Z only in the behaviour 
of the body 2 ; and since the whole process is reversible, 
the entropy of this body is, hj § 43, the same as at the 
beginning, namely, S^. And, indeed, corresponding to a 
definite value of the entropy of the body 1 there is always 
a perfectly definite value of the entropy of the body 2. 
Otherwise the general theorem of § 43 w^ould be contradicted . 

In other w'ords, if in place of the independent variables 
9, Vi, F 2 wc introduce the independent variables 9, 81 
and S.2 in the equation (77), 0 disappears fi’om the equation 
altogether and it reduces itself to a relation of the form : 

= 0 

or, expressed in differential form : 


(78) 

But in order that (77) should merge generally into (78) it 
is necessary and sufficient for the differential expressions 
of the two equations to differ only by a factor of pro- 
portionality : 

-iY 



62 


THEORY OF HEAT 


CHAP. 


ov: 

if, - !>Si <»>i 

Consequently : 

dF 
h 9^1 


That is, the quotient of iVi and ^2 depends only on 
and ^§2 but not oxi 6. But since N ^ and are themselves 

determined by 6 and they are necessarily of the form ; 

Ni=fi(Si).T and ^2 12(^2) • • (79) 

respectively^ where and are functions of a single 
argument and the function T which is the same for both 
bodies depends only on the temperature 9. The quantity 
T contains a constant arbitrary factor. We choose its 
value positive and fix its unit by making the difierence of 
the values which T assumes for 0 = 100 and 0=0 equal 
to 100 thus ; 

.... (80) 

and we call the quantity T which is completely defined in 
this way the absolute temperature ” of the two bodies. 
By (72) the absolute temperature of a body is the positive 
temperature function which satisfies the normalizing equation 
(80) and which ivhen divided mto the incomplete differential 
dU -h pdV converts it into a complete differential. Concern- 
ing the way in which it is measured see § 49. 

To complete the definition of entropj^ as well we bear 
in mind that the functions and f^ in (79) are positive 
on account of the conventions about the signs of 
and T , but otherwise, as is clear from the discussion of 
§ 41, they may be arbitrarily chosen. We therefore set 
/i” and thus obtain from (79) : 

iVi = iY2 = T . 


(81) 
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And from (72) wc get : 

dU + fdV 
T 


or, referred to unit mass : 

du H- 'pdv _ 


(82) 

(83) 


is obtained as the entropy of a homogeneous body whose 
state is determined by its temperature and its volume. 
Ill the expression for the entropy there is still, as we see, 
an arbitrary additive constant. 

§ 46. The results just obtained make it easy for us to 
give a complete answer to the question proposed in § 44 
about the conditions governing the transition of the two 
bodies in question from the state Z to the state Z\ For 
in the reversible process described, to which the two 
thermally coupled bodies are subjected, we have by (77) 
and (81) : 


Thus : 

+ ^2 “ const. 


(83a) 


That is, the sum of the entropies remains constant. So 
if we bring the body 1 to the desired state of entropy 
the body 2 acquires the entropy : 


.... (84) 

If we then separate the two bodies and bring the volume of 
the jSo’st to V\ and its temperature to 6\ by means of a 
reversible adiabatic pz'ocess, then the first body is in the 
desired final state and may be left out of consideration in 
the sequel . All that we are concerned with now is whether 
> 8*2 is as great, smaller than or greater than or, what 
amounts to the same, by (84), whether : 

111 the first case the state Z' is fully attainable according to 
§ 42, namely, by a reversible process ; in the second case 
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the state is attainable ]jy an irreversible process ; in 
the third case the state Z' cannot be reached at all. 


Hence the snm of the entropies of the tivo bodies in 
any state is a measure of the probability of this state. 

§ 47. It now remains to generalize the last theorem 
for any arbitrary number of bodies. Let us imagine a 
system of such bodies in two quite arbitrary states 
Z and Z' and enquire what is the condition that a transition 
from Z to Z' should be possible without changes of any 
sort remaining in other bodies. 

In order that the transition should satisfy the energy 
principle we include an invariable weight in the system, 
whose centre of gravity in the state Z is at the level h 
and in the state Z^ at the level h\ so that : 


4- . . . H- U'n) ~(?7i+?72-r - • . -r Vn) 

Starting from the state Z we now put the bodies 1 and 2 
into thermal communication with each other in the 
manner described in § 44 and so bring the body 1 by a 
reversible process into the state of entropy S\. We then 
separate the two bodies and proceed in just the same way 
with the bodies 2 and 3 by bringing the body 2 to the 
state of entropy Proceeding in the same way we- 
bring the body n — 1 to the state of entropy Let 

tlie body n then have the entropy . Since during each 
one of these reversible processes the total sum of aU the 
entropies of all the bodies must on account of (83ft) 
remain constantj we have : 

= + (85) 

How each of the bodies from I to n — 1 may separately 
be brought along a reversible adiabatic path into its 
desired final state. Hence the decision as to whether the 
state Z' is fully attainable depends on whether the entropy 
of the body n is just as great, smaller than or greater 
than S'n or, by (8 o), if we denote the sum of the entrojoies 
of all the 71 bodies by ZS, whether ZS is just as great as, 
smaller than or greater than Z8' . In the first case the 
state Z' is attainable by a reversible process, in the 
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second by an irreversible process, vdiereas in the third 
tlie transition is altogether impossible. 

From this it follows conversely that every -physkal or 
clitm kill -process that occurs hi nature talces p/r/cc in sucli a 
way that the sian of the enfroines of all the bodies that undergo 
change in the process either remains unchanged or becomes 
augmented. Expressed more briefly : the entropy is a 
measure of the thermodynamic probability (§ 39). 

Ill a reversible process the sum of the entropies remains 
unchanged. But the reversible processes in reality are 
only ideal limiting cases which are, however, of considerable 
importance for theoretical considerations. 

The content of the second law of thermodvnamics 

V 

may be regarded as exhaustively described in the above 
sentences. 

§ 48. Passing on to the applications of the second law 
we shall next investigate the conclusions that follow from 
the fact that the expression (83) for the entropy of unit 
mass of a homogeneous body is a complete differential. 
If we choose T and v as independent variables, we have : 


dll 



and by (83) : 


dS — rn 


TV0T/; ' T 


fdn\ , 


dv 


On the other hand : 



Consecpiently, since dT and dv are independent of each 
other : 


and : 


_ j. 

\dT),~ T\dT). ’ 


(80) 



( 87 ) 


F 
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If we differentiate the first eciiiatioii with respect to 
and the second with respect to T we get, by equating the 
two expressions so obtained : 

- p . . . . (88) 

a 2 id by (52). (SB) and (S7)^(8|^ 



where Cv now denotes the specific heat referred to the 
absolute temperature. 

By differentiating (89) with respect to v and (90) with 
respect to T we obtain the relation : 

(91) 


which brings the connexion between the specific heat 
and volume into relationshij) with the connexion between 
the thermal coefficient of expansion {§ 8) and the temper- 
ature. Both quantities are very small in the case of 
gases. 

§ 49. The relations just derived can now serve as a 
measure of the way in which the absolute temperature 
depends on any conventional temperature. So far we 
have had to i^emain satisfied with a oonveiitional temper- 
ature 6 referred to an arbitrarily chosen thermometric 
substance (see § 4), and it was onl 5 J^on grounds of expediency 
that in § 5 we decided in favour of using a gas as the thermo- 
metric siihstance. But the uniformity achieved in this 
way was only of a practical nature and involved no matter 
of principle. Bor, strictly spealdng, all gases behave 
differently^ particularly at high densities and low temper- 
atures, and therefore, to be accurate, we should select 
some definite gas as a thermometric gas. Hence it is of 
the greatest importance to have a process of measurement 
wdiich enables us quite generally to reduce the conventional 
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tc'uiporature 6 of a body to its absoluto temperature T. 
In principle we can adapt every equation wliieli follows 
from the second law for measuring T (cf. § 61 below). 
Let us take, for example, the equation (88) and introduce 
the independent variables 6 and v into it in place of T and 
i\ For it is these varial3les 9 and v with which all measure- 
ments are efiected. Since T depends only on 6, we 
obtain : 


^ regarded as measurable 

functions of 9 and v. This differential equation may be 
integrated in the following way : 



0 f 



1 - . rrr 


- log ^0 



and hence : 



The last two equations together with the normalizino' 
equation (80) determine T completely as a function of 9, 
and so the conventional temperature is reduced to the 
absolute temperature. 

In particular the values of and Tq may be derived 
from (93) and (80). 

In the integration on the right-hand side the volume v 
must clearly disappear altogether j this requirement can 
also be used to test the second law. The numerator of 
the integrand is obtained directly from the equation of 
state of the body, but the denominator is derived from 
the quantity of heat which the body takes up from without 
during reversible isothermal expansion or, respectively, 
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gives up to its surroimcUngs during reversible isothermal 
compression. For by equation (50) of tlie first law the 
ratio of the transferred quantity of heat q to the change of 
volume dv during a reversible isothermal expansion is : 


§ 50. We shall now assume in j)articailar that 9 is 
measured by a gas thermometer and we choose as our 
thermoinetric substance hydrogen, as in § o. Then the 
coefficient of exj^ansion a that occurs in the equation of 
state (9) of the gases is constant only for hydrogen ; for 
all other gases it is different and varies with the temper- 
ature 0. Thus if we apj)ly the last equations to any gas 
very simple expressions present themselves for the pressure 
q) and the energy u, but all the simple relations that we 
have deduced above for gases have the disadvantage that 
they are qualified by the word “ llearl 5 ^” Not a single 
one of them holds rigorously. To escape from this un- 
satisfactory state of affairs W'e proceed to introduce by 
definition a certain type of gases, which we call ideal 
gases and which satisfy the above simple relations 
completely. Thus we define as the equation of state of 
an ideal gas the equation (9), and as the energy of an ideal 
gas the expression (56). We now determine the relation 
between the absolute temperature T and the conventional 
temperature 9 referred to an ideal gas as the thermometric 
substance. By substituting the values of p and u in 
(92) we get after integration : 

log T - log Tq = a0) 

Thus ; 

r = To + c (94) 

Likewise, by (93) : 

~ 0 

From this it follows by (80) that : 
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That is, the coefficient of expansion of an ideal gas is the 
reciprocal of the value of the absolute temperature of the 
freezing point of water and hence has the, same value for all 
ideal gases. Since the numerical value of a is sufficiently 
Avell kno^Yn we have for the absolute temperature of the 
freezing point of water, by (6) : 

To = - = 273-2 
a 

and, in general, by (94) : 

- 273-2 (95) 

Thus the absolute temperature is nothing inore than the 
conventional temperature referred to an ideal gas as the 
thermometric substance but with the zero point displaced^ 
Since, by definition, T is positive, we also have S> — 273. 
The limiting point T = 0 is called the absolute zero of 
temperature. It is not attainable practically because the 
integral in (92) becomes infinite for it. 

In future we shall as a general rule use the absolute 
temperature in our calculations. The equation of state 
of any ideal gas or of a mixture of ideal gases is then, by 
(35): 

RnT 


where n denotes the total number of moles and R is 
the numerical factor which has the value (56) and which is 
now equally great for all ideal gases and is hence called 
the ‘‘ absolute gas constant.’’ Further the energy of an 
ideal gas is, by (56) : 

= CvT + const (97) 

Although the different ideal gases satisfy the same 
equation of state (96) they nevertheless have different 
specific heats and different molar heats between which, 
however, the relation (55) of course always holds. 

§51. The equation (88) together with tho equation 
(54) of the first law in which, as always, by (95), dO 
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can be put in place of ilT, leads to the generally valid 
relation : 


Cp 




^dT/v 




wliicli may be applied to calculating c» from Cp. Since it 

is not easy to measure in the case of solid and liquid 

bodies, it is advantageous to use the relation (11) here, 
from which : 



follows. 


Since ( ^ ; is necessarily negative, we always have Cp > Cs 

KCV-'T 

except in the limiting case, as for water at 4"^ C., 
at which the exj^ansion coefficient is zero, when we hare 
Cr. For solid and liquid bodies the difference Cp- Ce 

is in general relatively small, or the ratio — k is only 

slightly greater than 1. That is, in the case of soHcl 
and liquid bodies the dependence of the energy on 
the temperature plays a much greater i)art than tlie 
volume. 

The case is different with gases, as we have seen from 
equation (55). 

§ 52. We shall now make a further application of the 
second law to a physical system that represents the general 
type of a machine wffiich functions wdth a definite period 
and generates mechanical work from heat. The essence 
of such a machine consists in executing a cycle after the 
completion of wffiich no other change has occurred in 
nature except that a certain amount of mechanical work 
has been performed, say in lifting a w^eight, and that 
certain bodies that serve as heat reservoirs have given up 
or received heat. Such a process can, for example, he 
carried out by a gas wffiich experiences a series of successive 
adiabatic and isothermal compressions and dilatations. 



III. 


SECOND LAW OE THERMODYNAMICS 


71 


During an adiabatic change the gas remains thermally 
isolated ; during an isothermal change it is in themial 
connexion with a heat reservoir at the temperature in 
cpiestion. The process may^ however, also be connected 
with changes of the aggregate state or with chemical 
transformations ; all that is essential is that the process 
shall be cyclical and that at the end of a period no changes 
shall have remained except those above mentioned. Eor 
from each of the tw'o principal laws it is possible to derive 
a relation between the different changes caused by the 
process. 

According to the first law we have for the cycle, by 
(39) : 

A -{- £Q = 0 (190) 

Here A denotes the sum total of the external work per- 
formed, Q the heat that has been transferred from a heat 
reservoir to the system under consideration during the 
process, the summation being extended over all heat 
reservoirs. 

According to the second law the sum of the entroiDies 
of all the heat reservoirs becomes increased as a result of 
the cycle. If we assume for simplicity that the heat 
capacities of the reservoirs are so great that the loss of the 
quantity of heat Q does not appreciably alter the temper- 
ature of the reservoir, the change of entropy of the reservoir 

duo to the loss of Q amounts, by (82) and (49), to — 

since on account of the constanc}’' of T this expression also 
holds for finite values of Q. Accordingly we have, by 
the second law, summing over all the reservoirs : 

( 101 ) 

This was the first exact formulation of the second law and 
was due to Clausius. 

We shall now consider the case of only two heat 
reservoirs, at the temperatures and T 2 {>Ti) and shall 
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assume that the process is a reversible cycle (Carnot^s 
Cycle). The two equations then run : 

A O 2 = 0 (102) 

1 I Qa _ A 

If the cycle is carried out in the direction which leads to 
the production of external work (raising a Aveight), then A, 
the external Avork done, is negative; so Ave sot 

— A > 0, Eurther, Ave see from (103) that and Qg 
have opposite signs and that the absolute A^aluc of is 
greater than that of Q^. Now since A is negath^e, is 
positiA’^e by (102) and negative. So aa-c set 

— 0 and Ave can lAicture the result of the cycle in tho 
folloAving simple Avay. The heat reservoir 2 has gh^cn up 
the quantity of heat Of this quantity tlio part 
has passed into the 'cooler reservoir 1 ; tho other jAart 

Q\=^ A' has been transformed into mechanical 
AA’ork. Between these three positiA^o quantities tho 
following relations hold : 



Avliich are entirely independent of tlio nature of tlio 
substance used in the process. In other words, by alloAv- 
ing a hotter reservoir at the toniporaturc 7h to give up a 
quantity of heat to a cooJo]’ reservoir at the Lem])eraturo 
3\ AA’-e can arrange a iwersihle cycle such tliat it enables us 
to obtain AA^ork : 







from the hotter reservoir. 

If the cyclic process is not revci’siblc the energy equation 

(102) remains in force but in place of the cntro])y equation 

(103) Ave have the inequality ; 


0 
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ivhich, combined with (102), gives ; 

A-' = A = “l- Q2 < 


t: 


Q: 


or: 


A' < -V-J ■ Q\ 


Comparison with ( 104 ) shows that the work to be obtained 
by the transition of a qiiantit}" of heat at the temper- 
ature T 2 to the temperature is always less for an 
irreversible process than for a reversible process. Thus 
the latter amount, represented by ( 104 ), is the maximum 
amount of heat which can be obtained by means of a 
cyclic process with any physical system through the 
passage of heat Q\ from the hotter reservoir at the 
temperature to the temperature 
A very special case of such a cycle is that in which heat 
passes directly by conduction from the hotter reservoir 
to the cooler reservoir. Then nothing except the two 
reservoirs has altered at all. and so A = 0. Consequently, 
by (100), Qi 4- ( 32 = 0 and by (101) : 


Hence if differs from T^, and if does not vanish, 
the sign of the heat given np by the reservoir 1, is the 
same as that of that is, the heat passes in the 

direction of the higher to the lower temperature, and the 
j)rocess of heat conduction is irreversible, just like friction 
and the process of expansion when no external work is 
done. 

Lastly, let us apply our results to an isothermal cycle, 
otherwise arbitrary, reversible or irreversible, performed 
on any physical system whatsoever. Then we need 
consider only a single heat reservoir at the constant 
temperature T. The equations (100) and (101) become : 

A + (3 - 0 
(3 SO. 


and : 
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From this it follows that -4^0, that is, work is used up 
and the equivalent heat is ‘pi’oduced in the reservoir. 
This inequality is the anal 5 dical expression of the im- 
possibility of a perpetual motion machine of the second 
kind. 

If the process is reversible the sign of inequality vanishes 
and both the heat Q and the work A become zero. It is 
due to this theorem that the second law is so fruitful when 
applied to reversible isothermal cycles. 

§ 53. We shall now leave cyclic processes in order to 
deal with the general question of the direction in M^hich 
any change in an arbitrarily given physical-chemical 
configuration occurs in nature. Let us imagine any 
system of bodies at the same temperature T and at the 
same pressure p . Let us enquire into the conditions under 
which a physical or a chemical change occurs in these 
bodies. The difference between this and our earlier 
discussions consists in our not necessarily assuming 
that the system is isolated from its surroundings, 
Accordingly we may not assert that its entropy necessarily 
increases. 

For an infinitely small cliango of state wo have by the 
first law : 

.... (104fl) 

whore U denotes the total energy, V tlic total volume of 
the system and Q tlie heat transferred to it from outside. 

According to the second law tlio change in the sum 
of the entropies of all the bodies changed by tlie process 
is : 

cl8 -j- cl8a ^ 0 

where S denotes the entropy of the system, 8a tlic entropy 
of the external bodies (atmospheric air, walls of tlic vessel, 
the liquid in the calorimotei'), which wo assume also to be 
at the temperature T, Now by (82) and (49) : 
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so by substitiitiug the value of Q from (104a) : 



dU ±pdV > 


(105) 


In tiais relation only such quantities occur as refer to the 
system in question itself ; the influences of the external 
surroundings are completely eliminated. It represents 
the most general statement of the second law with regard 
to the occurrence of any physical or chemical change in a 
configuration. 

It is to be observed that the inequality (105) by no 
means contradicts the equation (82). For the latter 
refers only to a physical change of state of a homogeneous 
body but the former to any physical or chemical change of 
any configuration whatsoever. Hence in general the 
expression (105) is an incomplete differential and cannot 
as a rule be integrated ; that is, the second law does not 
allow us to make a general statement about a finite 
physical or chemical change of state of a system in the 
case where we do not know the external conditions to 
which the system is subject. This is really evident from 
the outset and holds equally well for the first law. 

To arrive at a law for a finite chango of state of a 
system we must know such external conditions as allow 
(105) to be integrated. Since the external conditions can 
be chosen at will, there are of course several of them, of 
which three, however, are distinguished by their special 
importance : firstly, we may completely isolate the system 
from its surroundings, keeping the volume V constant; 
secondly, we may keej^ the temperature T and the volume 
V constant (isothermal-isochoric process) ; third!}?', wc 
may keep the temperature T and the pressure p constant 
(isothermal-isobaric process). We shall discuss these three 
cases ill turn, of whicli each offers special points of interest. 

§ 54. Isolated System oe Gonstaxtt Volume. Since 
Q = 0 as well as F— const., we have from the first law 
also that U = const., and the relation (105) gives ; 

dS>0 
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That is, the entropy of the system increases. This is the 
formulation of the second law which has already been 
obtained in § 47. But we shall here make a further 
deduction from it. For it furnishes us directly with a 
sufficient condition for the stable equilibrium of the system. 
If, namely, the system is in the state for which its entropy 
has its maximum value, no further change is possible. 
The absolute maximum of the entropy is therefore a 
sufficient condition for equilibrium. This condition is 
not exactly necessary ; for it is possible for a system to 
remain unchanged, although the second law would allow 
a change. Since the maximum of the entropy is of course 
fully determined by the values of U and F, we may say 
that the entropy S of the configuration in the case of 
absolute equilibrium is a definite function of U and F- 
The way in which it depends on U and F is shown by 
equation (82) from which we get : 


dUJy~T 


( 100 ) 


d8 


\ 

1 



(107) 


If, in particular, we assume a single homogeneous body, 
we see that its entire thermodynamic behaviour is deter- 
mined by expressing S as a function of U and F. For 
the elimination of U from the last two equations gives p 
as a function of T and F, and the equation (lOG) alone 
gives U as a function of T and F. 

In Part Four of the present volume {§ 126) we shall 
become acquainted with a method of expressing S in 
terms of U and F ; this makes it possible to solve the 
principal problem of thermodynamics. 

Let us calculate S for the particular case of an ideal gas. 
From (82), (97) and (9G) we get : 

RndV 


T 


V 


( 108 ) 
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where Cv denotes the heat capacity of the gas at constant 
volume. Thus : 

S = Ov log T + Rn log V + const. . . (109) 

and by (97) : 

S ^ Gv log U -h Rn log V -f const. . . (110) 

The integration constant depends on the chemical com- 
position of the gas; it must remain undetermined here 
because the differential clB in (82) refers only to changes in 
U and V but not to such as involve the chemical com- 
position. 

§ 55. Tbmperatuee a’nb Volume Given. Since T and 
y are constant the relation (105) may be written in the 
form : 

d^F^O (Ill) 

where : 


So in this case, too, every change of state occurs in the 
sense of the growth of a definite c|uantity ; this quantity 
is not now the entropy, however, but the function F 
which is characteristic for the variables T and F. Further, 
W'B can deduce from this function results similar to those 
deduced in the previous section from the function S, 
What makes this point of view so important is the fact 
that the temperature T can be measured in practice much 
more directly than the energy U and is therefore more 
appropriate as the independent variable. 

By (111) the sufficient condition for stable ecj[uiiibrium 
is that the function F should be a maximum. Hence in 
stable ecj[uilibrium the cpiantity F is a perfectly definite 
function of T and F. The way in which it depends on 
T and F results by (112) from the complete differential : 

dW = d8-~ + ^,dT 

or, by (82) : 

dW^^^dT+^^J- .... (113) 
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Conseq^ueiitly : 




a 7 T 



Hence if we know the way in which the characteristic 
function W depends on T and 7, we obtain unique values of 
the energy and the pressure. Concerning the theoretical 
determination of W see § 125. If we differentiate (114) with 
respect to 7, (115) with respect to T and equate the 
expressions obtained, we arrive at the relation (88) already 
known to us. For an ideal gas we have, by integrating 
(113), (97) and (96), or more directly from (112) and 


¥ = 0, log T -h Bn log V + — + const. . (1 16) 


Thus the expression for W contains two undetermined 
constants. 

§ 66. Temueratijiie and Puessxjbe Givex. This case is 
important because it is even easier to measure the pressure 
than the temperature. Here the relation (105) assumes 
the form ; 


where : 


d(P>0. 




U H- pV _ W 

rn" W //T 


(117) 

(118) 


In the latter expression we have introduced the entlialpy 
T'F (heat function at constant pressure, see § 34), by (64). 
Here 0 is the characteristic function and the maximum 
value of 0 determines the state of stable cquiiibj’iuin. 
For the dejDendence of the function 0> on T and p in the 
state of equilibrium w^e get from (118) ; 


Cl0 

and by (S2) : 



pdV -h 7 dp 

f 




2 


dT 


( 119 ) 
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Hence : 


( 120 ) 


. . . ( 121 ) 

If we differentiate (120) with respect to j), (121) with 
respect to T and equate the two results, we get : 

. . . ( 122 ) 


For an ideal gas we have, by (118), (109), (90), (97) and 
(55) : 

0 Cp log T — Sn log p -f ' -I- const. . (123) 


So in this case, also, two constants remain undetermined. 

§ 56a. An example of the advantages that accrue from 
introducing the independent variables T and p is given by 
the theory of Joule and Thomson’s experiment which 
was described in § 24; this involved the adiabatic ex- 
pansion of a gas without external work being done. The 
theory is contained in equation (43), which, by introducing 
the enthalpy id of unit mass, we may write in the form 
w'— w— If w^e now assume the difference of pressure 
p' — p on both sides of the valve to be very small and 
equal to Ap, the difference in tcm])erature T* — T on both 
sides will also be very small ( = i^T), and we then have : 



Consequently, by using (07) and (122), wo get : 




For an ideal gas the numerator on the right-hand side is 
equal to zero, and the temperature difference LT vanishes, 
as it should do. Prom this we see that the J oule-Thomson 
effect affords a very direct and delicate means of detecting 
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deviations in the behaviour of a gas from that of an ideal 
gas. Actuall}?", AT at ordinarj^ temperatures and 
pressures is appreciably negative in the case of air. It is 
on this fact that the idea of Linde’s method of liquefying 
air is founded. In the case of hydrogen AT is apjDreciabty 
positive. 

If we take as our equation of state that of van der 
Waals (19) we get from (124), for small values of a and 
to a first approximation : 



a relation which agrees approximately with the results of 
measurements . For most gases the expression in brackets 
is as in the case of air positive, which corresponds to a 
cooling effect, since Ap is always negative. Hydrogen 
is an excejption because a is j)articularly small in its case. 
But by means of an appropriate preliminary cooling it is 
even possible in the case of hydrogen to make the first 
term in the bracket exceed h, the second term. 

§ 57. The general relationships developed above may 
also be formulated in other ways. One expression whicli 
is particularly distinguished by its clarity is worth 
mentioning. It depends on the introduction of the 
function : 

F^ U-TS=^~ -T.T^ . . . (126) 


which, like 'the W, may by § 55 servo as the characteristic 
function of the independent variables T and V. Intro- 
ducing F instead of W we see that the relations (114) 
and (115) become : 


U = F-1 




m'/, 


fdF\ 

p = ■ • • 

By comparing (127) and (126) we see that : 

fdF\ 


(127) 


(128) 


/100n\ 
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The quantity F is endowed with a clear meaning owing 
to the fact that, as we see from (126), it represents an 
energy. If we now consider any isothermal process, the 
general relation (105) may be written in the following 
form : 

dF^ - pdV (129) 

or, if we integrate from any initial state to any final state 
denoted by a dash : 

F' - F§.A (130) 

where A denotes the mechanical work performed by 
external forces during the process. If the isothermal 
process is reversible, the equation is: 

r~F = A (131) 

and a comparison Avith the equation (40) of the first law 
shouts that the function F is related to the external worJj: 
A in exactly the same Avay as the total energy U to the 
sum A-\- Q oi the external w^ork and the heat received 
from without. This can also be expressed as follows : 
in a reversible process the laAV (40) concerning the con- 
servation of energ}^ resolves into two separate laAvs, namely 
the equation (131) and the supplementary equation : 

G'-G^Q . . . . (132) 

where : 

G=--U-F^T8, . . . (132r0 

The theorem Avhich assorts that tlio mechanical equivalent 
of the external Avork is independent of the path taken from 
the initial to the final state (§ 1 8) thu.s does not hold only 
for the sum Ai- Q, but also for the individual summands 
A and Q. 

Hence, following Helmholtz, Ave call F the “free^’ 
energy, G the bound '' energy. The free energy F has 
the same meaning lor the external meclianical Avork as 
the total energy U for the sum of the AVork and the heat. 
In particular Ave see that for a cyclic process AA^e have not 
only A + Q = 0 but also A = 0 and Q = 0, as has already 
been deduced at the end of § 52. 


0 
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If the isothermal process is irreversible the inequalitj^ : 

r -F < A (133) 

holds. That is, the free energy increases less than would 
correspond to the external work performed, so that in this 
sense external work is lost. If the process occurs without 
extenial work being done, for example, at constant volume 
(§ 55), then A = 0, and : 

F' -F <0 (134) 

That is, the free energy decreases. The amount of this 
decrease may be regarded as a measure of the work of the 
forces (chemical relationship, affinit}^) which bring about 
the pi'ocess; this worlc is lost as far as mechanical 
work is concerned. To find its amount we must carry 
out the same change in some reversible way. Then, by 
(131), the amount desired, — F, is actually obtained as 
external work A . 

A particular example will make this clearer. If an 
aqueous solution of a non-volatile salt is diluted in some 
isothermal way^ by adding pure water, the heat of dilution 
can be negative or joositive, according to the sign of 
U' — U, where U denotes the sum of tlie energies of the 
original solution and of the water that is to be added 
(initial state) and U' denotes the energy of the final 
s olution . The external work arising from the simultaneous 
change of volume can always bo neglected. On the other 
hand the difference F' — F is always negative. To 
measure it we perform the isothermal process of dihition 
in some reversible way, such as the following. Wo first 
allow the water which is to be added to vaporize infinitely 
slowly. We then allow the vapour to expand further 
until the density of the vapour is equal to the density which 
saturated water vapour has in contact witli the solution. 
We then bring the vapour into contact with the solution; 
the equilibrium is not disturbed l)y tliis ste]:). Finally 
by compressing the vapour over the solution infinitely 
slowly we completely condense it. The whole process is 
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reversible, and so by (131) the total external work done is 
equal to F' - -F < 0 ; that is, work is gained (a weight is 
raised). This work is lost if the liquid water is added 
directly to the solution . 

It is to be iiQted that all these theorems hold only for 
isothermal processes. The introduction of the free 
energy does not suffice for formulating more general 
laws. 

In the expression (126) for the free energy the first 
term as a rule easily predominates over the second 
term TS in chemical processes. Hor this reason we may 
often, especially in the case of low temperatures, regard 
the decrease of U, that is, the heat of transformation 

I 

{Wdr77ietd7mng)i instead of the decrease of F, as a measure 
of the chemical “work ; so we may enunciate the additional 
theorem that chemical changes ahvavs occur in the sense 
of decreasing 27, that is, are accompanied by the generation 
of external heat (BnnTi-iHLOT’s Principle). But at high 
temperatures wdiere T and, in the case of gases and dilute 
solutions, S assume great values, the term TS can no 
longer bo neglected without causing an appreciable error. 
Hence in such cases chemical changes often occur in the 
direction of increasing total energy, that is, heat is taken 
up from the surroundings. 
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EQUILIBRIUM OE A SUBSTANCE IN 
DIFFERENT STATES OF AGGREGATION 

§ 58. In the following sections Ave investigate the 
thermodynamic equilibrium of a given substance Avhose 
individual parts can belong to different states of aggrega- 
tion, solid, liquid, or gaseous. Let us suppose each of 
these parts is physically homogeneous and is com- 
pletely determined by mass, temperature and volume, 
For this to be so it is not necessary for the substance or 
even one of its parts to be chemically homogeneous (§ 22). 
The question of chemical homogeneity cannot even be 
answered Avith certainty. For example, it is still a very 
open question Avhether the molecules in liquid Avater are 
the same as in ice ; indeed, on account of the abnormal 
Xoroperties of liquid AA^ater near its freezing point it is 
probable that the molecules even in liquid Avater are not 
all of the same kind. 

We shall pursue the folloAAung line of thought. Let the 
substance, AAdiose total mass Jf is given, bo enclosed in a 
solid etwelope of given volume V and let it bo kept at a 
definite temperature T by being connected Avith a suitable 
heat reserAmir. We set out to find the state or, if there are 
more, states of equilibrium, Avhich tlio body can assume 
and to specify the conditions under Avhicli tlic equilibrium 
is stable or unstable. It is possible to carry out this 
investigation successfully and completely on account of 
the theorem deduced in § 55, Avhich states that among 
all the states that can result fj’om one another under the 
given conditions the most stable state of equilibrium is 

distinguished by having the characteristic function V a 

84 
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maximum. In general, however, as we shall see, the 
quantity W will be able to have several relative maxima ; 
then, corresponding to every maximum which is not the 
absolute maximum there will be a more or less stable state 
of equilibrium. If the substance happens to be in such 
a state (for example, as a super-saturated vapour) then 
under favourable circumstances a very slight disturbance 
can cause the substance to pass over into another state 
of equilibrium, for \vhich the corresponding value of W is 
necessarily greater. 

We have first to find those states for which the function 
IF possesses a maximum, that is, S?^=0. The most 
general assumption we can make about the state of the 
substance is that three different parts of it are in the three 
different aggregate states. Let Jfg, Jlfg denote the 
masses of these three parts, the allocation of the suffixes 
being left open for the present. We then have for the 
total given mass : 

Jf 1 4- ili’s + Jfg = if . , . (135) 

The quantities if a are positive or individual 

members may be zero. 

If, further, denote the specific volumes, then 

the given volume is ; 

-f- if2'r2 H" if 3^3 “ U . . . (136) 
Wc now obtain for the characteristic function : 

W = Miiii + 

in which the quantities W refer to unit mass. 

Erom this we got for any infinitely small change of 
state : 

where here, as also in the sequel, the symbol E denotes 
the sum over the indices 1, 2, 3. In view of the fact that 
by (113) we have generally ; 

-mdT -\- '^^clo .... (137) 
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we get, since 8r = 0 : 

S¥^=7^ 



But the variations are not all independent of one another ; 
rather, it follows from the expressions above set down for 
the mass and the volume that : 


ZSMi = 0 and -i- = 0 

By means of these equations we must eliminate any two 
variation terms from the expression for in order to get 
purely independent variables in it. If, for example, we 
take the values of and 8^2 equations and 

substitute them in (138), ^ve get : 




Since the four variation terms that occur in this expression 
are completely independent of one another, each of the 
four coefficients must vanish individually if 8 IF is to vanish. 
Accordingly -we have : 




- ^2) 
T 


r‘ 



These four equations represent necessary ]iroperties of a 
state of equilibrium. Since the quantities that occur in them 
refer only to the internal constitution of the substance, in 
contrast with equations (135) and (1 36) wdiicli also contain 
the masses, can call thorn the “ intoi'iial ” conditions 
of equilibrium. We shall deal with tluun next and shall 
find that they have several solutions, tliat is, that several 
states of equilibrium exist. Later (§ 65) wo shall discuss 
the further question as to which of the different kinds of 
solutions furnish the most stable state of equilibrium, 
that is, the greatest value of W for each individual case. 
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§ 59. Fiest Solution. If ^ve set : 

Vi = V2 = = V 

all four equations (139) a.re satisfied by these values. The 
three aggregate states are then identical and the whole 
substance is homogeneous. Since the temperature T is 
given from the outset the state is fully defined by the 
external condition (13G), which in the present case runs : 

and gives the value of v. 

This solution always has a definite meaning, but it 

represents a state of equilibrium only if ™ is negative. 

If this is the case, the equilibrium is unstable or stable 
according to whether the function IP" has another maximum 
of greater value under the given external conditions or 
not (cf. § 65). 

§ 00. Second Solution. If we set : 

=t= = ^3 

the aggregate states denoted by 2 and 3 become identical 
and the equations (130) reduce to : 


In this case the substance exists in two different aggregate 
states together, for example, as vapour and liquid. The 
two ' ecj_uations (140) contain two unknowns and 
so, since p and i/; are to be regarded as known functions of 
T and u, these ecpiations may serve to express v-^ and 
as also the pressure p 2 values xjj^ and in 

terms of the given tem]jerature T, Thus the temperature 
completely determines the internal state of two lietero- 
geneous j>arts of the same substance which are in contact 
and in equilibrium. The masses of the two parts are 
obtained from the external conditions (135) and (136), 
which in the present case run : 

31 ^ + (ilfs + ifg) = if \ 



THEORY OF HEAT 


CH.VP. 


These two equations enable us to calculate M-^ and 
(ifg-f ilfa), so that the state of the system is completely 
determined ; for in the case of the masses and only 
their sum is of account. Of course, the result has a 
physical meaning onty if M-^ as well as il/a) comes 

out positively. 

§ 61 . Let us now consider the equations (140) more 
closely. The first is obvious ; the second may be inter- 
preted very simply if we use as our basis the general 
equation of state (2) of the homogeneous substance. 
For, from (137) it follows by integration, since clT 0, 
that : 

•• /I 

fch 


and substituted in (140), this gives : 




(142) 


This equation has a simple geometrical meaning, if we 
use the graphical method already mentioned in § ]0, 
of representing the equation of state by means of the 
system of isothermals (Eig. 1). For since the integral 
in (142) represents the area of the surface which is enclosed 
by the isothermal, the aj-axis and tlie ordinates denoted by 
the parts and Ug of the isothermals, whereas on the 
other hand the product — v^) denotes the area of the 
rectangle formed by the same oi’dinates and the length 
^1 ““ '^2 a*loiig the a’-axis, the equations toll us the following. 

Along every isothermal tJie pressure at which two 
aggregate states of the substance can bo in equilibrium 
is represented by that straight lino x^arallcl to the 
.^‘-axis wdiich marks off equal areas on both sides of the 
isothermal (in Fig. 1 it is the straight line ABG). Thus 
we can derive the law of the dependence of the pressure 
and the density of the saturated vapour on tlie temperature 
directly from the equation of state established for homo- 
geneous stable and mota-stablo states. 

Let us now consider how the internal equilibrium depends 
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on the temperature T, the only independent variable. 
Differentiating equations (140) we get: 



or, taking into account (137) ; 



where the quantity by (63), denotes the isothermal- 
isobaric heat of transformation per unit mass for a 
transition from the aggregate state 2 to the aggregate 
state 1 (heat of vaporization, heat of fusion, heat of 


sublimation) . 

This eqviation which was early derived from Carnot’s 
theory (§31) by Clapeyron and first established rigorously 
by Clausius allows us among other things to calculate 
the heat of vaporization for any arbitrary temperature 
from the relation between the vapour pressure and the 
temperature. For example, we have for water vapour 
at 100° C. : 273+ 100= 373, 1674 cm.^/grm., 


^' 2 = 1 cm.^/grm., p-^^ 760 mms. of mercury, 



27*12 


mms. of mercury. Reduction to absolute units gives, by 
II (284) ; 


dp^ _ 27*12 
dT '760 



and hence by (143) the heat of vaporization is, if wo divide 
by the mechanical equivalent of heat (42) : 


f = 539 calorics/grm. 

which agrees excellently with the results of direct measure- 
ment. 

Since all the quantities that occur in (143) can be 
measured fairly precisely this relation can also be used to 
reduce any conventional temperature Q to the absolute 
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temperature T (§ 49). introducing 8 as the independent 
variable in place of T it folio^ys from (143) that : 


and, by integration : 


from which T is to be calculated as a function of 6 in the 
manner explained earlier. 

A simple approximate formula, which in some cases gives 
good results but in others only moderately good results, 
is obtained if in ec|uation (143) the specific volume is 
neglected in comparison with that of the vapour and 
if, ill addition, the equation of state of an ideal gas is 
assumed to hold for the va 2 D 0 ur. Then, hy equation 
(96), the volume of a mole of molar weight m is : 


V = niVi = 


Vi 


and the formula (143) becomes : 

/Ml 

m dT 



For example, for water at lOO*^ C., i? — 1*983 in calories by 
(57), m= H^O= 18, T= 373, = 760 mm., 27-12 


mm. as above, and hence by (145) the heat of vaporisation 
is r = 547, which is a little too largo. The reason for this 
deviation is that the volume of the saturated water 
vapour at 100° C. is in reality smaller than that calculated 
from the gas equation (96). 

The equation (143) of Carnot and Clapeyron can be 
applied to tlie iirocess of fusion or of sublimation in the 
same way as to the process of vaporization. In the 
former case r denotes the heat of fusion of the substance, 
if the index 1 denotes the liquid and the index 2 the solid 
state ; further signifies the pressure of fusion at which 
the solid and the liquid substances are in equilibrium with 
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each other. The pressure of fusion, according to this, 
depends, like the pressure of vaporization, on the temper- 
ature, or conversely, by changing the pressure the temper- 
ature of fusion is changed : 


dT 

“ r 


(146) 


For example, for ice at 0° C. and hence at atmospheric 
pressure, we get r= 80 calories, ^= 273, 1?^= 1-000, 
1-091, and so by (146), expressing the result in 
atmospheres, we get : 


cl^ 

dpi 


0-0075. 


(147) 


That is, by increasing the pressure by one atmosphere the 
melting temperature of ice is lowered by 0*0075° C., which 
agrees with the experimental results. Eor substances 
which, in contradistinction to ice, expand on fusion, the 
melting temperature is raised by increasing the pressure, 
so that we can say : increasing the pressure favours the 
aggregate state that has the smaller volume. 

§ 62. The variation of tlie heat of transformation r with 
the temperature may also be calculated from our formula. 
For if we introduce the enthalpy from (65) and write 
(143) in the form : 

r ~ Wi — 


and differentiate with respect to T, we get, by regarding 
to as a function of T and : 


cl^ __ 




/SwjX Up 

\ dp JtUT 


Taking into account (67) and (122) we obtain: 


dr 

dT 


— ^Jh ~ (^1 Vi^) 


'I'M. 1 


Fhially, according to (143) ; 


dr I r 

(■|j7 = Cp,- Cp. + Ji- 



( 148 ) 
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Let us again take saturated water vapour at 100° C. as an 
illustration. Then 373 and, in calories, Cp^~ 0-47, 

al’ ^' 81 . 

^ = 0-001, from wliicli we calculate from (148) that ; 
oT 


that is, the heat of vaporisation of water decreases by 
0-64 calorie per degree rise of temperature. 

If we again neglect in comparison with and treat 
the vapour as an ideal gas, the relation (148) assumes the 
much simpler hut less exact form : 



from which we would obtain for the case in question : 


dr _ 
dT ~ 


0*54. 


§ 63 > The relation (143) may also be used for quite 
different purposes. As we have seen above in § 30, besides 
defining the specific heat at constant pressure and at 
constant volume we can also define any number of other 
specific heats according to how we regulate the external 
conditions under which the heating is effected. In every 
case the equation (51) of the first law holds. 

In the case of saturated vapours intei^est attaches to 
that process of heating by which the vapour is continually 
kept exactly in the state of saturation. If we call the 
specific heat of the vapour corresponding to this process 
— Clausius called it the “ specific heat of the saturated 
vapour ’’ — we obtain by (51) in our nomenclature : 


du-i dvi 

W Wf 


(150) 


Initially we can say nothing at all about the value of /q; 
in fact, we must even leave the sign of the quantity open. 



IT. 


93 


THERMODYNAMIC EQUILIBRIUM 


Tor if when the temperature of the vapour ii3 raised by 
1° it is still to remain saturated, it must at any rate be 
simultaneously compressed, because the density of the 
saturated vapour increases as the temperature rises. But 
compression generates heat and the question arises 
whether this heat is not sufficiently considerable to 
necessitate a conduction of heat to the outside surround- 
ings to prevent the vapour from becoming super-heated. 
Hence two cases are conceivable from the outset : 1 . The 

heat of compression is so considerable that the originally 
saturated vapour becomes super-heated when compressed 
acliabatically. To maintain the state of saturation it is 
then necessary to conduct heat away to the outside, that 
is, 111 is negative. 2. The heat of compression is too small 
for the compressed vapour to be kept saturated without 
the addition of external heat; hi is then positive. 
Between these two cases there lies the limiting case 
]ii = 0 for which the heat of compression just suffices to 
maintain the vapour in the state of saturation and so the 
saturation curve coincides with the curve of adiabatic 
compression. This limiting case was assumed by James 
Watt, the inventor of the steam engine, to bo valid for 
water vapour. 

In contradistinction to the specific heat li-^ of the 
saturated va])onr the specific licat of the saturated 
liquid ” : 


h 


<?, 


“ dT 


dt)o 



can be direct^ specified numerically. Eor this quantity 
corresponds to heating a liquid in such a way that it is 
alwa^T’S kept just below- the pressure ol’ its saturated 
vapour. Now since the pressure, unless it amounts to 
many atmospheres, has no appreciable effect on the state 
of a liquid, the value of practically coincides witli the 
value of the st^ecific heat of the liquid at constant pressure, 
that is, we have : 


2 — 


( 152 ) 
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Subtracting equation (151) from equation (160) : 

7 , 7 . - (K'hjzl?) j_ „ 

th - ih - (IT ' ' ^ ^ dT ' 

But by (143) we have, differentiating with respect to T : 
dr d{u-^ - Ma) , „ d{v^ - v^) , , dp, 

W' IT + ^ dT 

Consequently : 

dr 

dT 

or, and (143) : 


(153) 

For saturated water vapour at 100° 0. we have, as above : 

dr 

C;,= 1-01, -0-64 

f = 539, T— 373. Consequently: 

= - P07. 

Thus water vapour at 100° C. represents the case 1 
described above ; that is, saturated water vapour at 100° C. 
when adiabatically compressed becomes super-heated. 
Or conversely, water vapour when adiabatically expanded 
becomes super-saturated. Other vapours exhibit the 
opposite effect, 

§ 64. Thtud SoLTJTTOif. If WO Substitute 


in the conditions (139) that hold for internal equilibrium, 
these remain unaltered in tlic form given in § 58, This 
case denotes a type of equilibrium in which the substance 
occurs in all three states of aggregation together. The 
four equations (139) contain four unknowns, namely 
fP, Ug, Ua, so that quite definite values of these four 
quantities correspond to them. The three aggregate 
states can thus exist together in equilibrium only at a 
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certain definite temperature and for certain definite 
densities, and hence also only at a certain definite pressure. 
If we call this temperature the “fundamental temper- 
ature” we see by (139) that it is characterized hy the 
condition that for it the pressure of the saturated vapour 
over the liquid is equal to the pressux'e of fusion or equal 
to the pressure of sublimation at which the solid substance 
is in equilibrium in contact with the gaseous substance. 

As, according to the assumption we made in § 58, the 
temperature is given at the outset, we have two cases to 
disting uish . Either the given temperature is different from 
the fundamental temperature — this will in general be so 
—and then the three aggregate states cannot be in equili- 
brium with one another at all. Or the given temperature 
is equal to the fundamental temperature; then the 
assumed state of equilibrium is possible and the masses 
of the diSerent parts of the substance can be calculated 
from the equations (135) and (136). But since these are 
only two equations, whereas there are three unknowns 
M 2 , their values are not yet determined and an 
infinite number of equilibrium states of the kind in 
question exist, only positive values of Af, however, coming 
into consideration. 

Let us enquire, for example, into the fundamental 
values for water. Since at 0° C. the pressure of the 
saturated vapour above liquid water is 4*58 mm., but the 
pressure of fusion of ice is 760 mm., 0° C. is not the funda- 
mental temperature of water. To find it wo consider 
how the value of the saturation pressure depends on the 
temperature. In considering this we must observe that 
for eveiy combination of two aggregate states the pressure, 
like the densities of the two parts of mass in contact, is 
determined, according to (140), by the temperature alone. 
We must be careful to distinguish, however, whether, lor 
example, the saturated vapour is in contact with the 
liquid or with the solid substance, since the functions 
which represent the way in which the saturation pressure 
depends on the temperature come out quite dilferently 
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for these two cases. The state of the saturated vapour 
is determined only when “WC know besides the tempera- 
ture with what state of aggregation the vapour is in 
contact; and the same thing holds for the other two 
aggregate states. If, therefore, from now onwards we 
assign the suffixes 1, 2, 3 to the gaseous, liquid and solid 
states respective!}?’, ^ye must use two indices to designate 
a part of matter which is in the state of saturation. Of 
these two indices one specifies the aggregate state of the 
part of matter in question, the second indicates the 
aggregate state with which it is in contact. Thus to 
denote the specific volume of the saturated vapour 
use the two expressions v-y^, S'l^d the first of which 

represents the vapour in contact 
with liquid substance, the second 
that in contact with solid suh- 
stance. We have analogous 
symbols i’gs and and 

for the specific volumes of the 
liquid and the solid substance in 
the state of saturation. Each of 
these six quantities is a definite 
function of the temperature alone. 
The corresponding pressures are: 
vaporisation), (pressure 

(pressure of sublimatioii). At 
the fundamental temperature these two pressures 
become equal to each other and so also to the third 
pressure. Thus if \ve express the dependence of the 
three pressures on the temjDcrature by means of three 
curves by plotting the temperatures as abscissae and the 
pressures as ordinates, the three curves intei^sect at a 
single point, the fundamental point F of the substance 
(see Fig. 4). 

As we have already remarlcecl, for water at 0^ C. we have 
Pn^P'iZ' Since p^^ increases as the temperature rises, 
whereas decreases, the two pressures vvill coincide at a 
higher temperature than 0° 0., but only at a very slightly 



Pn^P%x (pressure of 
of fusion), P‘it^Pi 2 , 
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higher temperature. For, by (147), pgs varies compara- 
tively rapidly with the temperature, and an increase of 
0*0075° G. in the temperature suffices to lower the pressure 
of fusion 2;23 from 760 mm. to the vapour pressure 

of the water. Hence the temperature 0*0075 is very 
approximately the fundamental temperature of water, 
at which the pressures of fusion, vaporisation and subiima- 
tion coincide. From this value we then obtain the 
specific volumes of water vapour, water and ice as : 


Vi — 206,000, t’2 = LOO, Vq = 1*09. 

To characterize the behaviour of a substance near its 
fundamental state it is expedient to establish the course 
of the three curves 2 ^ 12 ^ Pn neighbourhood of the 
fundamental point F (Fig. 4). This is done by calculating 
the directions in which the curves pass through F. The 
angles that these directions make with the a;-axis are 

given by the differential quotients^^^, 


Now, by (143) ; 


dp 


12 


r 


12 


dT T{v^ - 'Ta) 


and corresponding equations hold for the other two 
pressures. Hence Ave can obtain the directions of the three 
curves at the fundamental point as soon as we know the 
corresponding heat of transformation. 

Let us compare, for example, the pressure of Avater 
vapour Avith the x^i'ossure ^^3 of ice vapour near the 
fundamental temperature. Here Ave have, in calories : 
?’i2 = C00, ?q3= 80-1- 600= 680, and so, according to the 
last equation, multiplying by the mechanical equivalent of 
heat and using the values above given for the specific 
A^olumes, AA^e get in terms of millimetres of mercury : 


_ 


dT 


= 0*335 


and likewise ; 


- 0-380. 


11 
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Tlie curve of the sublimation pressure 2 ^ 1 ^ thus takes a 
steeper course at the fundamental point F than that of the 
vaporisation pressure temperatures above 

the fundamental temperature (to the right of F) ^^3 > 
for temperatures below this temperature (to the left of 
F) Thus if we measure the pressure of 

saturated water vapour over water above the fundamental 
point and over ice below the fundamental point, the 
vapour pressure curve suffers a bend, whose amount is 
given by the sudden change of the differential quotient : 


dT clT 


0-045. 


Forexamille, at -• 1‘^C. (fZ^^ ~ 1 ) we get approximately: 

Pi 3 - P12 == ~ 

That is, at — 1° C. the pressure of ice vajDour is 0*054 
millimetre of mercury less than that of water vapour; a 
result which agrees with experimental determinations. 
But the existence of a sharp bend of the amount specified 
can be inferred only from the theory. 

§ 65. Having considered the individual properties of the 
difierent possible solutions of the equations of condition 
that hold in the case of equilibrium we arrive at the 
further question as to which of these solutions has the 
preference in each given case, that is, which represents 
the most stable state of equilibrium. In view of § 58 we 
may formulate the question in the following brief form ; 
given the total mass J¥, the total volume 7 and tlie 
temperature T of a substance, required to find the most 
stable state, that is, the absolute maximum of the 
characteristic function W. A complete treatment of this 
problem avouM take up too much space here, so we shall 
give only a few of the important results. We found just 
above that in general the conditions of equilibrium allow 
three different kinds of solutions according as the substance 
exists in one, tAVO or three aggregate states. Particular 
account, hoAvever, must be taken of the fact that the second 
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and the third solutions have a physical meaning only if 
the values for the masses that result from equations (141), 
(136) and (136), respectively, come out positively. This 
limits the range of validity of the two solutions. A 
closer investigation further sIioa^'s that within its range of 
validity the third solution always has the preference 
above the first two and that the second has the preference 
above the first. This may briefly be formulated as 
follows : the substance has tlie tendency to divide into 
its aggregate states. But this statement does not 
uniquely determine the state of equilibrium in all cases. 
For we saw in § 64 that \vhen the substance split up into 
its three aggregate states an indefiniteness remained in the 
values of the masses ilfg, The corresponding 

states of equilibrium are all equally stable, that is, the 
equilibrium is neutral. The difficulty that seems to lie 
ill the circumstance that in nature a definite state of 
equilibrium ahvays presents itself, is removed ivhen we 
reflect that the occurrence of even very small fluctuations 
of temperature, which are inevitable, wdll in reality prevent 
the temperature which is given at the outset from 
permanently coinciding exactly wdth the fundamental 
temperature. 

If instead of the temperature T the energy U of the 
substance is given the stable equilibrium ivill, by § 54, bo 
characterized by the maximum of the entropy. Corres- 
ponding theorems then hold . Bnt under no cimumstances 
does an indeflniteness occur; rather there is always a 
well-defined stable state of equilibrium wliicli is deter- 
mined uniquely. 



CHAPTER V 

SEVERAL INDEPENDENT COMPONENTS 

§ 66. We shall now investigate generally the thermo- 
dynamic equilibrium of a system consisting of different 
parts with common surfaces of contact in space, which, 
in contrast with the system treated in the preceding 
chapter, may be composed of any number of chemical 
constituents. We assume that each of the different and 
differently constituted parts of the system with their 
common boundaries in space but separated from each 
other by definite surfaces of contact is homogeneous (§ 22) 
and, following Gibbs, .we call each part a “phase” of the 
system. For example, every aggregate state of a partially 
condensed substance represents a particular phase. The 
possible number of phases is arbitrarily great from the 
outset. Also we can see immediately that a system in 
equilibrium can have any number of solid and liquid 
phases hut only one gaseous phase. For two different 
gases adjoining each other can never be in thermodynamic 
equilibrium with each other. If the gaseous phase is 
absent in the system it is called “ condensed.” 

Besides the number of phases a characteristic of the 
system is the number of its “ independent components,” 
for these serve to fix the chemical constitution of the 
phases. We define the number of independent com- 
ponents of a system in the following manner. AVe first 
obtain the number of tlie chemically simple substances 
(elements) that arc present in the whole system, and then 
exclude those substances from this scries as independent 
substances whose quantity is determined for every phase 

from the outset l)y the quantity of the remaining sub- 

' too 
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stances : tlic number of the remaining substances 
is then the number of the independent components 
of the system. Which of the components is regarded 
as independent and which as dependent is a matter 
of indifference since we are here concerned not with the 
kind of the independent components but only with their 
numb or. 

The question of the number of different components 
has nothing to do with the type of chemical combination 
of the individual substances in the different phases, or, in 
particular, with the number of different kinds of moles. 
For example, a quantity of ^vater in any states of aggrega- 
tion always forms a single independent component, no 
matter how many or how many kinds of associations and 
dissociations of water moles, whether as mixtures of 
hydrogen aiad oxygen or as ions, occur, so long only as the 
quantity of the oxj^gen is determined at the outset for 
every phase by that of the hydrogen or conversely. 
Whether this last assertion is actually true must, strictly 
speaking, be established by a special investigation. Eor 
example, as soon as we talce into account the fact that 
water vapour at every temperature is partly dissociated 
into hydrogen and oxygen wo obtain different proportions 
of the two elements li and 0 in the two phases of a 
system consisting of liquid water and water vapour, even 
if only complete moles of li^O have been used to build 
up the system ; and hence we have two independent 
components and not simply one. 

If we denote the number of independent components 
of the system by a wo get from the definitions set up for 
this number, that the state of thermodynamic equilibrium 
of any phase is determined l)y the temperature T, the 
pressure p and the masses of the a components contained 
in it, no matter whether they have Jinitc values or are in 
part infinitely small. It is more convenient to choose 
the pressure p as the independent variable instead of 
the specific volume as was done in tlio pmcvioiis chapter, 
because here the pressure in thermodynamic equilibrium 
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is common to all phases of the system that are in free 
contact. 

§ 67. Let us assume the total masses of the a inde- 
pendent components of the system as given : 

Jf 2 > • • • likewise the temperature T and the 

pressure p ; and let us enquire into the conditions of 
thermodynamic equilibrium. By § 50 this is characterized 
by the maximum of the function 0 defined in (118) ; thus : 

80 = 0 (164) 

holds for eveiy change of state which is possible for a 
constant T and p. 

Let [3 be the number of phases. The quantities S, p 
and V and hence also 0 then consist of a sum of [3 terms, 
each of which refers to an individual phase, that is, to a 
physically homogeneous body : 

0=:0' + 0" 0^ , . . (155) 

where now as well as in the sequel we distinguish the 
difiereiit phases by upper indices. For the first phase we 
then have : 

«>. . ( 15 .) 

S' i U'i V' and 0' are determined by T, p and the masses 
. . . M'^ of the independent components con- 
tained in the phase. Concerning the nature of the 
dependence on the individual masses we can only say at 
the outset that if all the masses are changed in a definite 
ratio, for example, are doubled, each of the above 
quantities is changed in the same ratio. For in this 
change the chemical constitution of the phase remains 
constant: only its mass changes, this change being in 
exactly the ratio assumed ; and the above quantities also 
change in the same ratio. In other w'ords, €>' is a homo- 
geneous function of the first degree in the masses ilf'i, 
M' 2 i . . . M',, (which need not of course be linear). 

To express bhis analytical!}^ we increase all the masses 
in the ratio 1 -1- e : 1, where € is a very small number. 
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All changes are then very small and we get for the corre- 
sponding change of i>' : 


30 


30 


^ 0 ' = o^Ailf'i + — A7¥', H- 


dM\ 



But by our assumption we have : 

A0’ = €0' 

hence : 


30' 


30’ 


30' 


9Jlf' 


a 


This Enlerian equation mathematically defines a homo- 
geneous function of the first degree. The differential 
quotients that occur in it, for which we shall use the 
following abbreviations ; 

C0' _ 


besides depending on T and ^9, depend only on the chemical 
constitution of the X)hase and not on its total mass since, 
if the individual masses are all changed uniformly, the 
numerators and denominators of tlic differential coefficients 
are changed in the same ratio. 

What holds for the first phase may bo immediately 
applied to every other phase. 

By using (156) the condition of equilibrium (154) now 
runs : 

S0'-l-S0"H’ . . . H- 80^ = 0. . . (169) 


or, since T and p arc nob varied, and bearing in mind 
(158), we get : 

f -i- f aSif's I- . . . -l-faSiira 

+ f 'iSilf "i -h -h . . , -h f 'aSif "a 


-f 2, “T ... + ™ 0 . (150) 

If the variations of the masses wore quite arbitrary, tliis 
equation would be satisfied only if all the coefficients of 
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the variation terms were ec[ual to zero. But the following 
condition holds between the masses : 


M\ + M'\ + . . . + ' 

M'o -1- M"2 H- . . . ^ == 


M'a + M". -r . . . + - Ma 

and so for any possible change of state : 

Si¥\ + Si¥^\+ . . . I 

Sil/'a + . . * + = 0 

-h'sili'^a -h . . . -I- Sm = 0 


• (161) 


(162) 


Prom this wo get as the necessary and sufficient condition 
for the vanishing of the expression (160) : 



So there arc |3~ 1 equations for each independent conn 
ponent and a{j3— 1) equations for all the independent 
components ; all these equations must be fulfilled in the 
equilibrium state. Each of them refers to the transition 
of an independent component from one phase into another 
phase ; it asserts that it is just in reference to this transi- 
tion that equilibz'ium exists. TJiis condition depends 
only on the temperature, the pressure and the internal 
constitution of the phases and not on their total masses : 
this is as it should be. 

As the equations that refer to a definite component and 
form one row in (163) may be rearranged in any order we 
deduce the following theorem : — If a phase is in equilibrium 
with two other phases the Wo other phases are also in 
equilibrium with each other (they “co-exist”). If 'we 
combine wuth this the theorem already enunciated above 
(§ 66), that every system in equilibrium has at most a 
single gaseous phase, we infer that two co-existing phases, 
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for example, two liquids which form two separate layers 
(water and ether) emit the same vapour. Eor since the 
one phase by hypothesis co-exists with the other phase 
and, of course, also with its own vapour, the other phase 
also co-exists with the same vapour. Hence the co- 
existence of solid and liquid phases can be tested by 
comparing their vapours. 

§ 08. It is now easy to see ho^w the state of equilibrium 
of the system for definite values of the tenijoeratiire and 
pressure is determined in general from the external 
conditions (161) initially given and the conditions of 
equilibrium (163). There ax’e a of the former and a((3 — 1) 
of the latter, so there are a(3 equations altogether. On 
the other hand the state of the p phases for given values of 
T and p depends on the oep masses . . . il// of the 
independent components contained in them. Thus there 
are just as many equations as tliere are unknowns. 

A new position arises, however, if one divides the 
variables on which the state of the system depends into 
such as concern only the internal constitution of the phases 
[uiterml variables, namely temperature, pressure and the 
ratios of the inde]Dendent components) and into such as 
determine only the total masses of the phase {external 
variables). There arc (a — 1)PH- 2 of the former, since 
ill each of the p phases there are a — 1 mass ratios of the 
a independent components contained in it, and, besides, 
the temperature and the pressure ; there are p of the latter, 
namely the total masses of the phases. 

Now the oc(p— 1) equations (163) contain only internal 
variables, so that after these equations have been satisfied 
there still remain of the total number of internal variables : 

[(a - l)p -I- 2] ~ [a(P - 1)] a - p H- 2 

variables that are indefinite. Tliis number cannot be 
negative, for otherwise the internal variables would not 
be sufficient to satisfy all the conditions of equilibrium 
(163). So we must have : 

p ^ a -h 2 


(1G4) 
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that is, the number of phases can exceed the number of 
independent components by at most 2 ; or, a system of 
a independent components can form at the most a + 2 
phases (Gibbs’s Phase Rule). 

In the limiting case, (3= a+ 2, the number of internal 
variables is just sufficient to satisfy the internal conditions 
of equilibrium (163). Their values are then completely 
determined for the equilibrium state, independently of 
the external conditions ; they form a so-called (a — 2)-fold 
point. By modifying the external conditions, for example, 
by altering the volume, or adding heat or new quantities 
of substance, only the total masses of the phases but not 
their chemical constitution nor their temperature nor 
their pressure become changed. This holds until one of 
the phases vanishes from the system. An example for 
a = 1, and hence |3 = 3, is given by the case, treated in the 
pz’eceding chapter, of the fundamental point of a single 
substance, in which all three aggregate states are in 
contact. For a = 2 we get jB— 4, that is, a four-fold 
point, as, for example, an aqueous solution of common 
salt in contact with solid salt, ice and water vapour. 
In this case besides the tcmi3erature and the pressure the 
concentration of the solution is also fully determined. 

If, further, -f Ij the internal constitution of all 
phases, including temperature and pressure, depends on a 
single variable, which can be chosen at will, say the 
temperature or the pressure. This case is usually called 
that of “ completely heterogeneous equilibrium.” For 
a == 1 we here have p == 2 : a single independent com- 
ponent in two phases, for example, liquid and vapour. 
Both the pressure and the density of tlio liquid and the 
vapour depend only on the temperature, as has already 
been shown in the j)i'eceding chapter. This type of 
equilibrium includes vax)orization when it is accompanied 
by chemical decompositiozi in so far as the system contains 
only a single independent component, as, for example, 
the vaporization of solid ammonium chloride (NH4CI), 
So long as hydrochloric acid vapour (HCl) or ammonia 
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vapour (NHs) is not present in excess there is a perfectly 
definite dissociation pressure corresponding to every 
temperature T. Eor a = 2^ wc have p = 3, as, for example, 
vdien a salt solution is in contact simultaneously with its 
vapour and with the solid salt, or if two liquids that 
cannot he mixed in all proportions (water and ether) are 
present together with their common vapour. Vapour 
pressure, density and concentration in every phase are 
then functions of the temperature alone. 

If, further, p = oc, the internal constitution of all the 
phases still depends on two variables, for example, on the 
temperature and the pressure. Every substance in the 
homogeneous state affords an illustration of 1, j3= 1. 
All example of a = 2, p = 2 is given by a liquid solution of a 
salt or of an alcohol in contact with its vapour. The 
concentration, both in the solution and also in the vapour, 
is determined by the temperature and the pressure. 
Instead of the temperature and the pressure the concen- 
tration of the liquid solution is often taken either with the 
temperature or with the pressure as the two independent 
variables. In the first case we say that a solution of 
arbitrarily chosen concentration at an arbitrarily chosen 
temperature emits a vapour of definite tension and definite 
composition ; in the second case wc sa 5 ^ that a solution of 
arbitrarily chosen concentration at an arbitrarily chosen 
pressure has a definite boiling point at which a vapour 
of definite composition is distilled off. 

§ 69. As we have seen, the determination of the 
equilibrium state of any system dcpiends essentially on our 
knowing how the characteristic function 0 for every phase 
of the system depends on the temperature Ty the pressure 
p and the cliemical constitution of the phase. The 
dependence on the temperature and the pressure is in 
general given by the relations (120) and (121). We have 
already established the expression for 0 for a gaseous 
phase in (123). In the case of a condensed phase (that is, 
liquid or solid) the pressure plays only a small part, so 
that we shall here need concern ourselves only with 
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investigating the dependence on the temperature. For 
this the relation (120) gives the value : 



The integration is to be performed at constant pressure. 
The enthalpy (Gibbs’ heat function at constant pressure, 
§ 34) is related by (67) to the heat capacity Cp at constant 
pressure. Thus if we integrate the last equation by parts, 
we get : 

. IF , fdW clT 

® i dT ■ T 

and, if we substitute Op for IF by. (67), then ; 

0 = . . . (105) 

This relation reduces the characteristic function 0 directly 
to heat measurements. On account of the two indefinite 
integrals two additive constants remain undetermined in 
it (just as in the case of a gas in (123)) one of Avhich has T 
in the denominator. 

§ 70. Let us next onc^uire into the dependence of the 
characteristic function 0 of a phase on its chemical con- 
stitution. We shall first consider the question of an ideal 
gaseous phase, that is, a physically homogeneous mixture 
of different ideal gases. To answer this question we must, 
by (118), know the volume V, the energy U and the 
entropy S of the gas mixture. Wo sec at once that it is 
better to use, instead of the individual masses of the 
diffei^ent kinds of gases contained in the mixture, the 
numbers of moles of each, viz. : — . . . . For 
then we have simidy : 

BT 

7-:=^ 2:^1 (IGG) 

The energy U of the gas mixture is obtained from the 
energies of the separate gases with the liolp of the first 
law. For according to this law the energy of a system 
remains unchanged if no external forces are exerted on it. 
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If we now allow any arbitrary number of gases at the same 
temperature and pressure to diffuse into one another 
isotliermally and at the same pressure (along an isobar), 
experiment teaches us that neither the total volume is 
changed nor is heat taken up from without . Consequently 
the system retains its initial value unchanged right to the 
cud of the process of inter-diffusion, and the energy of the 
mixture is equal to the sum of the energies of the separate 
gases before mixing, or by (97) 

TJ = i- 6j_) . . . , 

Here, as always in the sequel, does not denote the 
specific heat as earlier, but the molar heat at constant 
volume of the gas 1. The constant h-^ depends only on the 
nature of this gas. 

We have yet to determine the entropy S of the 
gas mixture. Its dependence on the molar numbers 
912 , ^^'3 • • • found in no other way than by 

applying the second law to a reversible process that is 
accessible to measurement and that produces a change 
in the ratios of the molar numbers. We may not, 
however, use the diffusion process above applied to 
determining the energy U : for this process, as we may 
conjecture and as is shown below, is irreversible and so 
leads to an inequality, On the other hand a reversible 
process which presents itself as suitable for our purpose 
is to use a “ semi-pormcable membrane” with the gas 
mixture : such a membrane can act as a partition wiiich 
is permeable to one typo of moles and absolutely 
impermeable to another type. It is true that perfect 
semi-permeable membranes of this kind do not exist in 
reality for any gases whatsoever. Indeed, it will be shown 
later by theory (§73) that in principle every gas penetrates 
into the substance of the membrane and will hence also 
diffuse through it. All that matters hero, however, is 
that wn may assume, without infringing the law's of 
thermodynamics, that the rate of diffusion of one kind of 
moles can be made as small as im please compared with 
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that of another kind. This assumption is justified by the 
fact that the property of being semi-permeable is possessed 
by some substances to a very high degree of approximation 
in practice. For example, glowing platinum foil is 
permeable towards hydrogen but almost impermeable 
towards oxygen. The error that is incurred in setting 
the rate of diffusion of one type of moles eq[ual to zero 
falls below any measurable limit ; it resembles the error 
made in assuming that a salt does not absolutely vaporize 
or freeze out of a solution, for this assumption, too, is not 
rigorously true (§73). 

By using semi-permeable membranes as partitions we 
shall separate the constituents of a gas mixture from 

one another by means of an infinitely 
* slow reversible isothermal process of 
the simplest possible kind. Let a 

TyT hollow cylinder (Fig. 5) be provided 

^ 1 i ^yith four pistons in all. Of these A 

(1) (2) I I are fixed while B and are 

movable, but in such a way that 

( 2) the distance BB' is kept constant 

5 , and equal to A A' as is denoted hy 

the two brackets in Fig. o. 

Let the base A' and the cover B of the vessel be im- 
penetrable for all substances, while A and B' are semi- 
permeable, A being permeable only to a certain gas 1, 
while B' is joermeable only to another gas 2. Above B 
the space is to be evacuated and to remain so. 

Let the piston B be at A initially, so that B' is at A \ and 
let the enclosed space contain a mixture of the gases 1 
and 2. Noav let the piston B and hence also B' be raised 
infinitely^ slowly. The gas 1 flows into tlie sj^ace that 
opens up between B and A, while the gas 2 flows into the 
space whicli opens up between B' and A\ When B' lias 
arrived at A, the two gases have been completely 
separated. 

Let us first calculate the external work done during the 
process. As the upper space is evacuated the movable 
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piston R is acted on only by the i^ressure of the gas 1, which 
moves it in the upward direction. The other movable 
piston is acted on only by the partial pressure of the gas 1 
ill the mixture in the downward direction, since the density 
and pressure of the gas 2 are the same on both sides of 
But these two opposite pressures are equal in 
magnitude, since the presence of the piston A is of no 
account for the gas 1. Consequently the motion of the 
two rigidly connected pistons B and occurs without 
the performance of external work. Hence, if the temper- 
ature and, therefore, also the energ^^ of the s^^stem are kept 
constant, no exchange of heat with the surroundings 


occurs. 

The process, if carried out infinitely slowly, is reversible, 
and so the entropy in the initial state is ectual to that in 
the final state, that is the entropy of the gas mixture is 
ecpial to the sum of the entropies of the individual gases 
if each alone occupies the whole volume of the mixture at 
the same temperature. This law may be generalized to 
apply to a mixture of any number of gases as follows ; 

the entropy of an ideal gas mixture is equal to the sum 
of the entropies of the individual gases, if each alone 
occupies the whole volume of the mixture at the same 
temperature.” It was first enunciated by Gibbs. 

The entropy of a single gas consisting of moles and 
at the temperature T and the pressure j? is, by (100) and 
(96): 


n 


T 


1 log T + R log ~ 


where the constant depends onl57 on the constitution of 
the gas but not — and this is an essential point — on the 
number of moles because the entropy at a definite 
temperature T and pressure y is proportional to the 
number of moles present. Instead of this expression we 
may also, by (65), write : 


Ui (Cp^ log T — R log '}) -I- • • (lfi'7a) 

where now C;;, like Cu, refers to a mole and not to a 
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gramme. Gibbs’s law for the entropy of a gas mixture 
we get from this : 

S = log T - Rlog Pi cii) . (168) 

where pi denotes the partial pressure (§9) of the moles 
of type 1 in the mixture. 

By (15) the sum of all the partial pressures is equal to 
the total pressure _p, and their ratios are, by (36) equal to 
the ratios of the numbers of moles ^^3 . . . 

Consequently, if we denote the concentrations of the 
individual t}q)es of moles in the mixture by : 


we have ; 




Zhi 



712 



) 

1 


^3 




Pi = CiP, P2 = CiP, p^ = c^p . . . 



and by (168) the entroioy of the mixture is then ; 

8 = Ini {^Px ^ogT ~ B log {c^) ai) . (170) 

Having obtained the expression for the entropy of a 
gaseous mixture we aT’e now in a position to answer the 
question proposed above, as to whether a diffusion 
process is reversible. Let us take the simplest case of 
the inter- diffusion of two gases, containing 71 1 and 
moles, respectively, at constant temperature and con- 
stant pressure, hence also having constant volume and 
constant energy. 

At the beginning of the process the entropy of the 
system is equal to the sum of the entropies of the separate 
gases, which, by (]67fl/) amounts to ; 

ndcp, logT- R log p + «i) + Wa (c?, logT - R log p + a^]. 

When the inter-diflusion is complete the eiitropy of the 
mixture is by (170) : 

Wi (Cp, log y - J? log (Cip) -h a,) 

+ Ka (Cft log T- R log (c^p) + ttj) 

Thus the change in the entrop}^ of the system is : 

~ niBlogCi ~ n^Blogc., . . . (171) 
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Oil account of (169) this is a positivo r[ua.ntityj from which 
it follows that diffusion like friction and heat conduction 
is an irreversible process. 

At the same time we see that the increase of entropy 
due to diffusion depends only on the numbers of moles 
111 their iicature, for example, on their 

molar weight. So far as the increase of entropy is 
concerned, then, it makes no difference whether the gases 
arc more or less ‘‘ similar ” chemically. This leads us to 
make a strange inference. If the two gases are assumed 
to be identical, the increase of entropy is obviously zero, 
because then no change of state occurs at all. Prom this 
it follows that the chemical difference betv^een two gases 
and, in fact, between any two substances at all, cannot be 
represented by a continuously variable quantity, so that 
we can speak in this case only of relations that go in steps 
{sp'ungiueise), or of quantities that are definibely equal 
or unequal, as we have in the case .of integers. Cf. § 13 
above. 

Prom the values found for the entropy S in (170), the 
energy U in (167) and the volume V in (166) the required 
characteristic function 0 of an ideal gas mixture comes out 
by (118) as : 

<P = 2ni (Cft logT-]i log (cjp) + a, - c,. - - iJ) 

or, if for brevity we sot the constant : 

ai- Cv,-R . (172) 

and the quantity : 

Rlogp -\- , (173) 

which depends only on T and p and tlio nature of the 
gases but not on tlio number of moles, wo finally get : 

0 = Sui (f/»i - R log Cl) . . . (174-) 

§ 71. Wo shall now take a fundamental step forward in 
our theory which will be of considerable practical im- 
portance. We shall assume that the expressions for 
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S} Z/j V anti 0 obtahied for a gaseous mixture are also 
valid when the numbers of moles , are 

not given constants at the outset, but are variable 
quantities; in other words, when the given number a. 
of independent constituents of the system (§ 66) is less 
than the number of different Idnds of moles. Equa- 
tion (174) then gives us the ■\'aluc of the characteristic 
function 0 for all arbitrarily chosen \^alues of the numbers 
of moles, and hence also for meta-stable states ; the 
stable state of equilibrium is distinguished by having 0 a 
maximum. This gives us a method of calculating 
physical-chemical equilibrium uniquely. Eor if a 
chemical change is possible in the gaseous mixture and 
is such that the numbers of moles > 

simultaneously change by then, by § 56 

equilibrium exists wdtli respect to this change if 
when = 0 and hf = 0. Or, by (174) : 

- E log Ci)S?i^i A Sn^ - B log cj -= 0 , (175) 

jSiiice the quantities - • • depend only on T and]y 

their variations are zero. Further, we have : 

log Cl 4- ^^2^ log Cg -I- . . . = — ~8 c 2 -i- . . . 

Cl C2 

and, by (169) : 

= (Sci Scod- . . . ) :-2'?Zi.S(ci-[-{32-i- . . .)=0. 
Plence there reiiiains of the condition for equilibrium ; 

— R log Gi)h7li == 0. 

Since only the ratios of the variations . . . are 
important in this equation , w' e set 

. . . = Vi:v 2: (176) 

wdierc we take vi, Vo, ... to stand for simple positive 
or negative integers, namely moles that combine or 
decompose during the chcmica] change under considera- 
tion. Tlic condition for equililnium then runs : 

- E log Ci)iq == 0 . . . (177) 
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or; 


R- ( 178 ) 

Since the right-hand side of the equation, log K, depends, 
l)y (173), only on T and _p, the equation gives a definite 
characteristic relation between the concentrations of the 
difierent kinds of moles, if T and p are given. This 
relation may also be written in the form : 

= . . . (179) 

From this we see that at finite temperatures and finite 
pressures none of the concentrations can be zero, or, in 
other words, that in the gas mixture all the kinds of 
moles possible at all are present in finite quantity 
even if only to a very small extent. So, for example, in 
water vapour even at low temperatures there is always 
a small amount of uncombined hydrogen and oxygen 
(cf. also § 66 below). For many phenomena this circum- 
stance is of course, of no importance. 

The relation between the equilibrium constants K and 
the temperature and pressure is, by (178) and (173) of 
the form : 


p'i 'h J 

or: 

B 

logK=logA~ ...)\ogp (180) 

where we have used the abbreviations : 

Via I . = E log A ] 

vA ,=EB [. (181) 

. - EG J 

From this we can derive a close xelation betAvcon the value 
of Z, the heat tone {Wdrmelmnmg) and the change of 
volume that present tliemsolvcs during the chemical 
change in question . 
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For, by (180), we have for an.y change of T and f : 

T-[v^ + v,+ ■ . . • ( 182 ) 

Now by the first law (62) we have for the quantity of heat 
which must be transferred to the system from without 
during any isobaric change of state *. 

0 = - C7 -f ^(V‘ - V) 

* 

and so for the isothermal-isobaric change characteriz:ed 
by the numbers v we have by (167), (166) and (o5) ; 


= E{CT t B) =r . . (183) 


and correspondingly by (166) for the volume change which 
occurs during the same isothermal-isobaric change ; 


7? 7^ 

— (vi + +...)= ^ . . . (184) 


By comparison with (182) this gives : 


and : 


3 log JT _ 1 r 
3 log /f __ 1 V 

““ 3 ^“ ~TiT 


(185) 

(186) 


Thus by measuring the heat tone and the corresponding 
change of volume we can determine how the equilibrium 
state depends on the temperature and the pressure. For 
a thermally neutral reaction (r== 0) the equilibrium is 
independent of the temperature, and if the volume is 
not changed by the transformation {v = 0) the equilibrium 
is independent of the pressure, as may also be seen 
directly from (180), because the change of volume is 
proportional to the change in the total number of moles. 

§ 72. As for the ideal gaseous phase so also for any 
arbitrary other phase the function (?->, which is the character- 
istic function for thermodynamic equilibrium, can be 
found as a function of p and the numbers of moles 
. . . by determining V, UmcliS. But, as we may 
well expect, the expressions for these quantities are in 
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general found to be fairly complicated. They become 
relatively simple, however, for the case now to be con- 
sidered, which represents the phase of a dilute solution, 
that is, a phase in which a definite land of moles far 
exceeds in number all the other kinds of moles. We call 
this kind of moles the solvent ” and denote the number 
of moles in it by Hq ; all the others are called “ dissolved 
substances (or solutes) and the number of their moles 
is denoted by ... . Then, according to our 

assumption, Uq is very largo compared with the sum 
Ui + 'ih -1“ • • • The aggregate state of the solution is 

immaterial ; it can be solid, liquid or gaseous. 

The reason for the great simplification in the case of 
a dilute solution is founded on the mathematical theorem 
that a function of small variables, which is finite and 
continuous and has finite and continuous difierential 
coefficients, is necessarily a linear function of these 
variables. This allows us to specify the way in which 
U and V depend on Uq, n^, ^ from the very outset. 

In physical language this means that, apart fi’om the 
actions of the moles of the solvent on one another, the 
properties of a dilute solution necessarily depend only on 
the mutual actions between the moles of the solvent and 
the moles of the dissolved substances, but not on the 
actions of the dissolved substances on each other ; for the 
latter are small c[uantities of a higher order. 

In actual fact lot us first consider the energy U of the 
solution and let us form the cj_uotient of U and ? 2 q, the 
number of moles of the solvent. Since i7 is a homo- 


geneous function of the first degree in the number of 
moles, this quotient will remain unaltered if all the 
numbers of moles of each kind ?^o, . . . are changed 


in the same ratio, that is, it is a function of the ratios 


% 'fh 

71q Uq 


and since these ratios arc all small, it is a 


linear function : 


U 

Uq 







% 
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ill wliicli tile quantities Vq, • ■ • clo not depend on 

tlie numbers of moles of each kind, but only on the 
temperature T, the pressure and the nature of the lands 
of moles present in the solution ; and, indeed, in such a 
Avay that iIq depends only on the nature of the solvent, 
Avhereas Ui depends only on the nature of the solvent and 
the first dissolved substance, and so forth. Thus 
corresponds to the mutual actions of the moles of the 
solvent on one another, on those of the solvent with the 
moles of the first dissolved substance and so forth. 

A fully analogous argument applies to the volume F of 
the solution. Thus wc have : 

U “["■ 1 (187) 

We regard these formulae, exactly like the corresponding 
expressions for a gaseous phase, as valid for other cases 
besides that for which the numbers of moles n are given 
constants, that is, for others besides the thermodjmamic 
states of equilibrium (cf. § 71). They may be tested hy 
actual measurement. For if we dilute the solution stiU 
further, by adding say a mole of the solvent by, say, 
an isothermal-isobaric process, then by means of the last 
equations just above wo may calculate the resulting lieat 
of transformation and change of volume, ]3rovidecI that 
the numbers n remain constant. 

A mole of the pmre solvent, talcon always at the same 
temperature and y)ressurc, has the volume Vq and the 
energy Uq, After the dilution has been effected the volume 
of the solution has become : 

and the energy lias become : 

TJ “ (tI/q •]- l)^^o "h 2 ~l* * • • 

The increase of volume caused l)y the dilution is oljtamed 
by subtracting the sum of the original volume V of the 
solution and the volume of one mole of tlie pure solvent 
from the final volume V' ] thus F'— (F-1- Vq), That is, 
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tlie increase of volume is nil. The heat transferred from 
without is, by the first law (62) : 


and likewise vanishes. 

In drawing these conclusions it is assumed that the 
iiumhers of moles of the dissolved substances, . 

remain unchanged during the process of dilution, that is, 
that no chemical changes occur. We may accordingly 
enunciate the following theorem A dilute solution has 
the property that further dilution, so long as no chemical 
changes are produced by it in the dissolved substances, 
causes neither an appreciable increase of volume nor 
appreciable heat of transformation {Wdrmdoming), Con- 
versely, every change of volume or heat of transformation 
that occurs wlien a dilute solution is further diluted must 
be ascribed to a chemical change among the dissolved 
substances. 

We now^ proceed to calculate the entropy of a dilute 
solution as a function of the independent variables p, 
• • * • have, j)rovided the numbers 

of moles ^^2 • ■ • kept constant ; 


clS 


and by (187) : 


_dU + 'pclV 
T ■ 




+ cZ/fj + pdv^ dui + r>di 


/| 


-1- 


T 




T 


+ . . . 


Now since the ids and the ^j’s dej)end only on T and j;, 
but not on the ?i’s, the coefficients of Uq, ?i 2 . . . must 
also separately be complete dificrentiais, that is, there 
must be certain variables 5 , Avhich depend only on T and 
p, and such that : 



du.Q -h pdVf^ 
57 



dn^i -I- pdvi 




( 188 ) 


J 
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We then have : 

S = ?2-q5o "T + + +0 (3 89) 

Avhere the integration constant C is independent of T and 'p 
but may, however, depend on the numbers of moles 
present. 

Hence if for any particular value of the temperature and 
the pressure we Imow how C depends on the numbers of 
moles, this value of G is also its general value for any 
temperature and pressure. 

We proceed to calculate C as a function of the ?^’s for the 
special case when the temperature is high and the pressure 
is low. If the temperature is sufhciontly raised and the 
pressure sufficiently louvered, the solution, no matter 
what its aggregate state may bo initially, will transform 
completely into the gaseous state. In reality this will 
be accompanied by chemical changes and changes of the 
aggregate state, that is, the numbers of moles, n, will 
change, the phases will split up and so forth. For in 
nature only such states can be realized as lie fairly close to 
stable states of equilibrium. Here, however, we wish to, 
and indeed are compelled to, assume that the process is 
such that all the numbers of moles n remain unchanged 
and that the whole configuration alwa^ys forms only a 
single phase ; for it is only then that the quantit}^ C retains 
its value. This assumption is allowed because the 
numbers of moles n together witli T and 'p form the 
independent variables of the system. Cf. the comment 
on (187). Such a process can only be imagined since it 
passes through meta-stable states ; but there is no objection 
to its use, since the above expressions for F, V and B are 
valid not only for stable states but for all states which 
are characterized by arbitrary values of the independent 
variables p, , For the stable state of 

equilibrium arises from the general states as a particular 
case in consequence of a special condition which is to be 
set up below. 

Since when the temperature has been suhioicntly 
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raised and the pressure sufficiently lowered, every gaseous 
phase assumes so small a density that it may be regarded as 
a mixture of ideal gases (see end of § 17) the expression 
(189) for the entropy must here transform into (170) ; it 
must be carefully noted that the moles constituting the 
first land are denoted by the index 0. But this transition, 
during which the values of the n’s remain constant, is 
possible only if the integration constant C in (189) is 
identical with that additive term in (170) which is 
independent of T and jp. Thus : 

C' = - i^(^^o log Co -I- log Cl "h . ) . (190) 

where the concentrations arc : 

^^0 (191) 


Hence, by (ISO) the entropy of a dilute solution for any 
arbitrary temj^erature and pressure is : 

S = ?^o(<5o “ ^ log ^o) + - E log Cl) + . . . . (192) 

If we further use the following abbreviations for the 
quantities which dejDend only on T and p but not on the 


•^0 


51 


-r „ , 

T ~ ** 


(193) 


H’ pv^ 


then, by (118), (192) and (1S7), the characteristic function 
^ of the solution finall}^ becomes ; 

^ “■ 1^0 <^ 0 ) + %(</>! “ E log Cl) d- .... (194) 

This concludes the determination of the thermodynamic 
properties of a dilute solution. 

§ 73. Wo shall now proceed to set up the condition of 
equilibrium for a system consisting of any number of 
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phases . As regards notation , we shall as before distinguish 
the different groups of moles in one and the same phase 
by moans of suffixes but the different phases will be 
distinguished by dashes, the first phase being loft for the 
sake of simplicity without a dash. The whole system is 
then represented by the symbol ; 

n^Q n"i 7n'\^ (195) 


The numbers of moles are denoted by their individual 
weights by m’s, and the individual phases arc separated by 
vertical lines. In the genei^al formuloo wo denote the 
summations over the different kinds of moles in one and 


tlie same phase b}’’ noting down the individual terms of 
the summation ; but the summing over the different 
phases is denoted as usual by the symbol E. 

To bo able to apply the expressions abo^^e derived we 
shall assume that every phase represents cither a mixture 
of ideal gases or a dilute solution. The latter is true 
even in the case when the phase contains only one kind of 
mole, as, for example, a chemically homogeneous pre^ 
cipitate fi^om a solution. For one kind of mole taken 
alone is a dilute solution in wdiich the concentrations of 


the dissolved substances are all equal to zero. 

Let us siijDposD that the system (105) can be subjected 
to an isothermal-isobaric change such that the numbers 
of moles * • * change simul- 

taneously by the amounts S? 2 q, S?ii, 87^3 . . •? 



Then, by § oG, equilibrium persists for this 


change if, T and p being constant, wo have = 0 , or, 


by (194), if : 


- li log Co)8'>2o -j- - R -h 

(r^o - log Co) + (r/?! - R log cj -|- = 0 


The summation E is to be j)erformed over all the phases. 
The second roAV vanishes identically for the same reason 
as Avas given in § 7i for tlie case of a single gaseous phase, 
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If we again introchice the simple integral ratios that are 
characteristic ol the change in ciuestion : 

VqIVi'.v^ . . . : v'q:v\:v^: (196) 

the condition of equilibrium runs : 

^(^0 ^ ^o)^0 (^3 ^l)^l • • • = 0 

or : 

2*^0 log Cq + Vx log Cl -r . . . = -^Uvq^q 

+ - = logA . . (197) 

The equilibrium constant K depends, lilcc the quantities (^, 
not on the numbers of moles but only on the tcTupcrature, 
the pressure and the nature o£ the constituents of the 
different moles. Its dependence on T and p conics out 
of its deiinition : 

cZ(log A") = ^ “1" . . . • (198) 

Now, by (193) w^e have : 
cU. = ds 


and, on account ol (188) : 


Likewise : 



Uo ^r 


Consequently, by substituting in (198) : 

- --- Hlv 'll ■ 

8 log K _ 1 

~~dp “ F 

In these equations the sums E tal^en over all the phases 
denote, by (187), nothing other than the heat of trans- 
formation r represented by (02) and the volume change 
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which occur during the isothermal-isobaric process here 
characterized by the numbers v. Hence we have : 

01ogZ_j:_ .... (199) 


0 log i T 
dp 



• • 



which are exactly the same relations as (ISo) and (186) 
\A"hich Avere found above for a mixture of ideal gases. 

The elimination of K from the last tAA^o equations leads 
to a general i^elationship betAveen the heat of transforma- 
tion r and the change of A^olume v : 


cr 



^•v-T 


cv 

ZT 


( 201 ) 


Avhicli can also be cleriAmd directly from (122). 

By means of equation (197) it is possible to set up for 
CA^'ery thermodynamic sj^stem exactly as many conditions 
of equilibrium as there are possible kinds of transforma- 
tions, the constant of equilibrium K liaAung of course a 
different value in each case. This con'esponds fully AAdtii 
the requirements of Gibbs’s Phase Buie. Por AA^e must 
carefully distinguish the numbers of different kinds of 
moles of a phase from the number of its independent 
components (§ G6). Both numbers determine the mass 
and the chemical constitution of the phase but the former 
does this quite generally AA'hiie the latter does so only on 
the assumption that the phase is in thermodynamic equili- 
brium. That is Avhy the latter alone, as aa^'c saAV in § 68, 
is of importance for Gibbs’s Phase Rule., Por AAdien a 
ueAV kind of moles is taken into account, then although 
the number of variables is increased, the number of possible 
transformations increases at the same time and hence 
also the number of conditions of equilibrium. 

The equation (197) tells us further that in the state of 
equilibrium all the kinds of moles that are at all possible 
in the systoin are represented in every individual phase 
to a finite degree of concentration; as otlierwiso the 
corresponding logarithm AA^ould become negative. This 
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also means, for example, that in a solid precipitate 
thrown down by an aqueous solution water moles always 
occur or that in the case of a solution some salt alwaj^s 
evaporates together wdth the solvent. This view, which 
seems strange at first sight, receives support in various 
ways ; for example, it accounts for the fact that neither a 
gas nor a liquid nor a solid body can ever be completely 
freed from the last traces of foreign contaminating 
substances. It also proves that there can be no such 
thing as a semi-permeable partition in the absolute sense 
(cf. § 70). This does not, of course, prevent our ascribing 
an arbitrary small value to the concentration of a dissolved 
substance. 

The above discussion is based on the assumption that 
the equilibrium constant K has a finite value 'which depends 
only on the temperature and the pressure. But if the 
temperature T approaches the absolute zero, a glance at 
equation (199) informs us that, provided the heat of trans- 
formation T of the change in question remains finite, the 
quantity log K assumes, when the temperature deci^eases 
to an indefinitely small value, an infinite value, positive 
or negative according to the direction of the reaction 
indicated by the signs of the numbers v. By (197) it 
follows from this that at the absolute zero of temperature 
the reaction continues until it is fully completed, the 
concentrations of the moles that become transformed in 
the process becoming equal to zero. 

This result agrees with the general deduction made in 
§ 57 that Berthelot’s Principle holds at low temperatures. 
This jDrinciple states that chemical transformations 
always proceed in the direction in avMcIi the greatest 
possible amount of heat is generated, that is, until all the 
lands of moles that are richer in energy have been 
completely used up. 

§ 74. Some particularly interesting applications of the 
condition of equilibrium (107) will now be discussed. 
Firstly we consider the case, already treated in the 
previous chapter, of a single independent comjioiicnt in 
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two aggregate states, as this brings out very clearly the 
pecuharities of the method here used . The system consists 
of two phases, say a liquid and a gaseous or a solid phase. 
By (195) the symbol of the system is : 


Let each phase contain only a single kind of mole ; but 
the moles in both phases need not be the same. 

If a liquid mole vaporizes or solidifies, then, in our new 
notation : 


1^0 = - 1, J-- 0 = — 


m 


^^0 1 . 

Cc\ 1, C Q — 


„ ^0 


n, 


0 


_ 1 


and consequently the condition of equilibrium (197) 
becomes : 


= log K = 


m' 



Since K depends only on T and this equation expresses 
a definite relation between ^ and T : the law^ of the 
dependence of the vaporization jpressure or fusion pressure 
on the temperature, or the converse. The actual content 
of ' this law becomes clear if we take into account the 
dependence of K on and T. For if we differentiate the 
last equation totally, we get ; 

or, by (199) and (200) : 


- ^d'p = 0 . 

Now the volume change of the system in the change in 
question is, in our present notation : 

f / f ^ 

m 0 

Consequently : 



m/ 


r V 
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of, referred to unit mass : 


r 

nin 



is 


identical with the Carnot- 


ClapeATon formula 


(U3). 

§ 75. Two independent components in a phase. Accord- 
ing to the Phase Buie the pressure and temperature are 
not the only variables in this case ; there is anotherj for 
example the quantity of dissolved substance in 1 litre of 
the solution. The concentration of any kind of mole is 
then determined for the equilibrium state, no matter 
whether the mole is produced by dissociation, association, 
hydration or hydrolysis. Consider the simple case of 
the electrolytic dissociation of a binary electrolyte, for 
example, acetic acid in water. If the theory is to be 
applicable we must assume that the electrolyte is weak, 
that is, that in the expression for the energy and the 
volume of the solution we tnay neglect the actions which 
the ions exert on one another in virtue of their charges. 
For it is onl}^ under this condition that the equations 
(187) are valid. 

The symbol of the system is : 


where denotes the number of undissociated moles 
and 912= number of dissociated moles. The total 

number of moles is : 

= Wq + 9ii -r ^2 '1- n -3 (which only slightly exceeds tIq.) 
The concentrations are : 


Of) — 


n 


Ct) — Cn "■ • 

71 ^ d 


The transformation in question consists in the dissociation 
of a dissolved mole, thus : 

Vq = 0, - 1, P2 = = 1* 

Accordingly we have, by (197), in tlie equililuiuni state : 

- log Cl -1- 2 log Cg - log K 
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or : 

= K (203) 

which is the law, first enunciated by Ostwald, for the 
dilution of a binary electrolyte. 

§ 76. Two independent components in two phases. 
According to the Phase Rule the equilibrium state is 
determined by two variables, such as the temperature 
and pressure, or concentration of a phase and temperature 
or pressure. To get a better mwoy of this wide field of 
plienomena it is found advantageous to consider the 
special case where the second of the two phases contains 
only a single component in apj)reciable quantity. This 
case sub-divides further into two subordinate cases which 
are to be well distinguished ; they result according as the 
component that alone occurs in the second phase forms 
the solute or the solvent in the first phase. We treat 
these two subordinate cases in succession, beginning with 
that in which the co77iponent that occurs isolated in th 
second phase forms the solute in the first phase. An illustra- 
tion of this is given by the absorption of a gas, say carbon 
dioxide, in a liquid of comparatively inappreciable vapour 
pressure, say water at a low temperature. By (195) the 
symbol of the system is : 

n q . 

We leave open the possibility of the dissolved mole mi 
being a miiltij)le of the free gaseous mole m\. The con- 
centrations of the different kinds of moles of the system 
in the two j)hases are ; 

Un n^i 10 Q 

“r Un 

The transformation in question consisLs in the vaporiza- 
tion of a dissolved mole, thus : 


0 
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Hence tlio condition of equilibidum (197) : 

Vo log Co + I'l log Cl + v'o log c'o = log X 


becomes ; 

- log Cl = log Z .... (204) 

That is, for a definite temiJeratnre and a definite pressure 
(which also determines Z) the concentration Ci of the gas 
ill the solution also assumes a definite value. The de- 
pendence of the concentration on the pressure and the 
temperature is obtained by substituting the last equation 
in the equations (109) and (200). This gives : 




where r is the amount of heat to be taken up from the 
surroundings during tlio isothermal-isobaric vaporization 
of a mole of liquid, v being the resulting increase of 
volume. Xow, since /; represents to a close approximation 

the volume of j/q— “t gaseous moles, we may, by (06), 


mi HT 
m' 


and the equation (200) gives : 

* 1 

dp m'o p 

Integrating, wc get : 

= c . . (207) 

That is, the concentration of the dissolved gas in the 
liquid is proportional to that power of the pressure which 
denotes the degree of association of the gaseous moles 
in the liquid. Thus if the dissolved quantity of gas is 
proportional to the imcssurc (Henry’s LaAv; also known 
as the Bunsen-Henj’y Law on the Continent), as in the 

K 



130 


THEORY OF HEAT 


CHAP. 


case of the absorption of carbon dioxide in water, it 
follows that the mole of carbon dioxide dissolved in the 
water is identical with the gaseous mole. 

The factor of proportionality C\ which gives us a measure 
of the solubility of the gas, also depends on the temperature ; 
the manner of its dependence is derived from (205) com- 
bined with (207), which gives : 


d log C 


cT 


1 r 



Thus if the gas escapes from the solution owing to the 
addition of heat from outside, as in the case of carbon 
dioxide in water, then r > 0 and the solubility decreases 
as the temperature increases. Conversely the heat of 
transformation during the process of absorption can be 
calculated from the variation of C with the temperature. 

§ 77. The component which occurs alone in the second 
phase forms the solvent in the first phase. This case 
is realized when a pure solvent separates out from a 
solution which is in any arbitrary aggregate state, and 
passes over into any other aggregate state during the 
process, such as by freezing, vaporizing, melting or 
subliming. The general type of such a system is, by (195) ; 

7lQniQ, 7127712, 7l27n^, • • • I 

The nature and the number of the different kinds of moles 
which form the solute in the solution are left quite open; 
and likewise the question as to whether the moles of the 
solvent have the same or different weights in the two 
phases. The sum of all the moles in the solution is : 

71 = ?^o + 71 -|- ^2 - 1 - . . . (which only slightR exceeds ? 2 q), 

The concentrations of the different kinds of moles are : 


71. 7lo 

Cl = Ct, = 

71' n 71' 71'. 

A possible change is the transition of a mole of the solvent 
from the first phase into the second, thus : 

0, V3 = 0 = 
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Hence, by (197), equilibrium requires that ; 

- log ^ = log ^ = log E. 


Now: 




t » • 


?^0 ?^0 


and therefore: since the fraction on the right is very small : 


111 ”’ 1 “ “^^2 "h • • * 


Uc 


log K 


(209) 


According to the general definition of (197) we here have : 


log A = ^ (1/09^0 + + »'2'^a -h . . . + r'o<)i'o)- 


Consequently, if \ve insert the values of the vs, we, get ; 


ll-y ! ^^"2 I ^^3 ' . . . 



- log K 



According to this equation log K is also very small. 

If we compare this condition for equilibrium with the 
corresponding condition (202) which was established for 
the pure solvent, it is evident that the i:)ressure of the 
dissolved moles 7i^ . . . effects a deviation from 

the relationship between pressure and temperature that 
holds for the pure solvent; moreover, this deviation 
depends only on the total number of dissolved moles but 
not on their nature. To formulate this appropriately 
we can use either p or T as the independent variable. 
Ill the former case we say : at a definite pressure p the 
boiling or the freezing temperature 2'' of the solution 
differs from that of the pure solvent. In the second case 
we say ; for a definite temperature 2^ the vapour pressure 
or the solidifaction pressure of the solution differs from 
that of the pure solvent. We proceed to calculate the 
deviations in each case. 

If Tq is tho boiling or the freezing temperature of the 
pure solvent at tho pressure pj we luive by (202) : 
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and, by subtracting (210) : 

(log K)^ - (log K)t, = »i+3 + . • 

ILq 

Now since T difiers only slightly from we o])tain hj 
applying Taylor’s Theorem and making use of (199) : 


d log K _ rp \ ^ ^ ^ \ I ^2 

0 jr 0/ — -prp^ 0/ ^ 


BT^ 

From this it follows that : 


• • t 


n, 


T-Tn = 


%1 -j- Ho “T 


• I * 


RT^ 


Hr 


r 


( 211 ) 


This is van’t Hoff’s law for the raising of the boihng point 
or the lowering of the freezing point, respectively. For in 
the case of solidification r, the heat transferred from 
outside to a liquid mole, is negative. Since Uq and r 
occur multiplied together in the formula, it tells ns 
nothing about the number of moles Uq and the weight 
of a mole of the solvent. If r is exioressecl in calories we 
must, by (57), set E= 1‘983. 

Thus for the va|)orization of 1 litre of water at 
atmospheric pressure we have, ver}^ approximately, 
^IqT = 1000.539 calories, T = 373. Hence the boiling point 
of a dilute aqueous solution becomes raised by the amount : 


T -Tq=- 0-6 r . (7ii -t- 712 -I- -I- . . .) . (212) 

Further, when 1 litre of ^^'atcr freezes imcler atmosplieric 
pressure, we have, very approximately, — 1000.80 

calories, T= 273 and hence the boiling point of a dilute 
aqueous solution is : 


Tq-T 1-85° . (7ii -h -j- H- . . .) . (213) 

If on the other hand Pq is tlic va])our pressure of the 
pure solvent at the temiDerature T, ^ve have by (202) : 

(log Z)p. = 0 

and by subtracting (210) : 

(log/sT), - (logZK = 

Mo 
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Since ^ differs only slightly from we may, using 
(200), write : 






n 


'0 


From tliis it follows, if we set v, the yolnme increase during 
the isothermal-isobaric vaporization of a liquid mole, 
equal to the volume of the resulting gaseous moles, 


, = ?!^^,that: 

m'o p 


Vq-P ^ m 0 -i- + 

P ‘ '^h 


(214) 


This is van’t Hoff’s law of the relative lowering of the 
vapour pressure. Since and occur only as a product, 
this formula tells us nothing of the weight of a mole of 
the liquid solvent. 

Sometimes we find this relation expressed in the form 
that the relative lowering of the vapour pressure gives the 
ratio of the number of moles of the solvent to the 
number of moles n of the solution, or, what comes to 
the same thing in the case of dilute solutions, to the total 
number of moles of the solution. But, as we see here, 
this law holds only if that is, if the moles of the 

solvent in the solution and in the vapour are the same. 
Moreover, in general, this will not be so ; as, for example, 
in the case of water. 

The result is that each of tlie equilibrium states last 
treated, namely boiling jmint, freezing point, vapour 
pressure of a dilute solution, contains a method for deter- 
mining the total number n-^ -1- ■? 2'2 + • • • foreign moles 
present in the solution. If the number thus found by 
measurement deviates from the number calculated from 
the percentage content of the solution on the assumption 
of normal moles, then by the theory above developed a 
chemical change of the moles by dissociation, association 
or suohdilre processes must necessarily have occurred. 
It is not possible, however, to deduce from the theory 
wliat type of change has occurred, that is, whether the 
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digsociation, for example, was electrolytic or electrically 
neutral. 

§ 7S. Both phases contain the two components in 
appreciable quantity. If during the vaporization or 
freezing of a solution the solute vaporizes or freezes at 
the same time, the laws deduced in the previous section 
become modified in a way which we shall now investigate. 
The symbol for such a system is : 

n^mo, . . . | . . . 


where, as hitherto, the index 0 refers to the solvent while 
the remaining indices refer to the diilercnt kinds of moles 
of the solute. If we ^^erform exactly the same calcifications 
as ill the previous paragraph, wo get instead of (120) the 
following equation : 


+ n2 






m 


n 


(215) 


and for the raising of the boiling point, instead of (211) ; 




T- ^2 + ■ > » 

V npWo 


n\~\- n'2-\- . . A 

J * r 



Here r is the heat of treansformation corresjionding to the 
isothcrmal-isobaric vaporization of a mole of the solvent; 

so that — is the heat of transformation for the vaporiza- 
tion of unit mass. 

We again observe that in each of the two phases the 
mass of the solvent enters into the formula but not the 
number of moles or the molar weight, whereas in the case 
of the solute the number of moles exerts a characteristic 
influence on the boiling-point. Moreover the formnla 
contains a generalization of van’t Hoil’s law, in that 
here we have, instead of the number of moles dissolved in 
the liquid . . ., the difierence in the number of 

moles dissolved in unit mass of the liquid and in unit mass 
of the vapour. According as unit mass of the liquid 
or unit mass of the vapour contains more dissolved moles, 
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the boiling point of tlie solution is raised or lowered 
respectively. In the limiting case when both amounts arc 
e^ualj that is the solution “ boils constantly/' the change 
ill the boiling point is zero. Corresponding laws hold of 
course for the change of vapour pressure and the change of 
the freezing point. Corresponding to solutions with 
constant boiling points wc have eutectic amalgams ” 
whose composition does not alter during the melting 
process. Such amalgams therefore have a melting point 
which is independent of the concentration. 




CHAPTER I 

EUNDAJIENTAL EQUATION 

§ 79. Wkeeeas time entered in no way into the questions 
considered in the first part of this book, since we were 
concerned only with the direction and never with the rate 
of events that occurred in physical nature, we shall now 
turn our attention to the course of irreversible occurrences 
in time. For iiTOveraible thermodynamic jn’occsses are 
only ideal and occur infinitely slowly (§ 25). We have 
now to deal witli friction, including flow through a valve, 
heat conduction and diffusion. For all these processes 
laws hold which are to some extent analogous. We shall 
choose from among ])henomena the simplest, heat conduc- 
tion, and shall accordingly consider the time change of 
temperature at the different points of a non-uniformly 
heated, rigid, and homogeneous body at rest. As we wish 
to exclude all motions avo shall also neglect the varia- 
tions in density and volume caused by the changes in 
temperature. 

Heat conduction in a body consists in the transport of 
energy effected by the interactions of the contiguous 
material elements of the body which are at different 
temperatures. Mcasuroinents in heat conduction consist 
in determining the temperature 2’ as a function of the 
space-co-ordinates x, y, z and the time t. To be able to 
derive the fundamental laAv for calculating this function 
in a given case wo must apply the tAvo fundamental laAvs 
of thermodynamic, s. Lot us consider the first laAv. This 
states that the amount of energy contained in any 
arbitrarily selected part of a body in the element of time 
dt changes according to the action exerted on this part of 
the body from AAdthout {§ 18). Noav since the external 
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actions in tlie present case are neither mechanical nor 
electromagnetic by nature but exclusively thermal their 
amount is simply the quantit}^ of heat Q transferred during 
the time dt by conduction to the selected part of the body 
from without. 

The transference of heat takes place through the surface 
of this part ; it is thus composed of the sum of all the 
quantities of heat that j)as3 into the interior through aU 
the individual surface elements dcr during the time dt. 
We therefore denote such a quantity of heat by q,, da dt, 
where v stands for the inward direction of the normal to 
the part of the body in question, aad we regard q,, as a 
finite quantify. By applying the energy principle to 
an element of the body in the form of an infinitely small 
tetrahedron it may be proved, exactly as in III, § 4 for 
the flux of electromagnetic energy, that q is a vector, the 
“ vector of heat conduction,” and the princij)le of the 
conservation of energy when applied to any arbitrarily 
selected part of the body states : 


dJjJ 

dt 


dt = dt 


jdT 7 
Clc . dr 
dt 




where dr denotes an element of volume, h the density, 
hence Icdr an clement of mass, c the specific heat at constant 
volume, which we consider constant (§ 20). 

If we transform the surface integral into a space 
integral by II (78) : 

J {qx cos vx -1- qu cos vy -1- cos vz)dG = - | div g . dr 
then the equation (217) may be written in the form : 

ch ~ -1- div q) dr 0 

and if wo make the part of tlio body infinitely small, so 
that its volume shrinks to tliat of a single element dr, the 
expression for the first law becomes : 

dT 

c/fl I- div q = 0 .... (218) 
which holds for any place and time. 
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§ 80. To apply the second law of thermodynamics to any 
part of the body we choose the inequality of § 53 which 
holds generally for every irreversible process : 

dS^-d8a>^ ( 219 ) 


Here clS is the change of entropy of the part of the body 
or the sum of the entropy changes of all its mass elements 
Mr. Shice volume changes do not come into consid eration 
tie change of entropy of a mass element Mr is^ by (82), 
equal to its change of energy divided by its temperature. 




. dr . db 



On the other hand dSti is the change of entrojDy of the 
surrounding parts of the body. But since the entropy 
change of any body, as we Ksaw in § 52 in the case of heat 
reservoirs, is equal to the quotient of the heat transferred 
from, without by its temperature, the entropy change of 
that part of the surroundings which lies on the outer side 
of the surface element da is : 


1 

*— (j[/ladt. 


For qdadt is the amount of heat taken from tliis part in 
the time db. This gives for tJic oiitro^^y cJiange of the 
whole surroundings : 


Substituting in (219) wo get : 

j > 0 


or, by transforming the surface integra] into a space 
integral, as above, and applying the result to an infinitely 
small part of the body we get : 



( 221 ) 
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as the expression of the second law> which holds for any 
place and time. 

If we expand the expression for the divergence : 




S 


T 


suhstitntc this in (221) and make use of equation (21S) of 
the first law, \ve see that the second law requires that : 

gf,gradT< 0 .... (222) 

More than this cannot be deduced from the second law. 

An analogous equation can be set up for any other 
irreversible process, for example, for diffusion. 

§ 81. To arrive at a differential equation for heat 
conduction it is necessary to make a plausible physical 
assumption which will allow us to introduce a quantitative 
relationshi}) betvreen the vectors q and grad T, “which will 
replace the inequality (222) by a precise equation. For 
isotropic substances, toAvhich ^ve shall restrict our attention 
in the sequel, such an assumption suggests itself immedi- 
ately. For since no favoured directions exist in an iso- 
troj)ic substance, nothing remains but to set the two 
vectors q and grad T proioortional to each other, thus : 


q= K grad T (223) 

which identically satisfies the inequality (222), if the 
constant /c, the so-called coefficient of heat conductivity 
of the substance, is taken as jDOsitive. 

Substituting this value of q in the equation (21S) of the 
first law we get as the fundamental equation of heat 
conduction : 


where we have written 1’or the positive constant 
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that is : 


ck 



Since for mathematical reasons it is often convenient 
to calculate with a zero point of temperaturCj whereas on 
the other hand the zero point of the absolute temperature 
T is not attainable phj^sically, it is found advantageous in 
dealing with problems of heat conduction to use instead 
of the absolute temperature T the temperature 0 refen’ed 
to the freezing point of water and defined by (96), so that 
the differential ecjuation for heat conduction becomes : 


(225) 

To some extent it resembles in form the wave-equation 
II (222). But there is the fundamental difference that in 
the wave-equation the second differential coefficient with 
respect to the time occurs, whereas here it is the first 
differential coefficient. This corresponds wdth the 
irreversibility of the process of heat conduction, which 
excludes the possibility of revei’sing the time, whereas 
this is possible in the case of vibration phenomena. It 
is also connected with this circumstance that the constant 
a, which signifies a velocity in the. wave-equation, has in 
the. case of heat conduction the dimensions of length 
divided ])y the square root of the time. 



CHAPTER II 

INTERNAL HEAT CONDUCTION 

§ 82. We shall apply the term mternal conduction of 
heat to those problems in wMch the temperature at the 
whole surface of the body in c|uestion is gi\^en for all times. 
Our task is then to integrate (225) for prescribed boundary 
values of 0. Wc shall first convince ourselves that if in 
addition the initial temperature at all points of the body 
is also known, only one solution of the problem exists. 
For, if there were two solutions, 0 and 6', the difference 
0' - 0 = 00 would represent a function of space and time 
which would likewise satisfy the differential equation 
(225), and would moreover vanish for / = 0 at all points, 
and at the surface it would vanish at all times. 

Let us now' consider the positive integral (cf. II (8])) 
taken over the wdiole body : 


0 

cz 



Here the surface integral vanishes, since 0^ is zero every- 
where on the surface ; and from (225) w'e get : 


Since J is positive it follows that the positive integral 
can only decrease as the time t increases. But 
this integral vanishes for ^ — 0. Honce it continually 
remains zero and therefore 6^ also vanishes at all places 
and for all times, so that the solutions 0^ and 0 become 
Identical 
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We can draw a further general conclusion from this 
result. If 8 is given as before at the surface for all times, 
so that 0' - 0 = ^0 ^"■^'i^ishcs there at all times, vdiereas 
we now assume that the initial state, and so also the 
function 8^, are arbitrary for if = 0, we can deduce from 
(226) that the integral Id^^clr which may have any finite 
values initiallj^ when t= 0, continually decreases in the 
course of time, and so the quantity 9q and consequently 
also the difference of the two solutions 6 and 9' continually 
decrease until they finally vanish. This may be in- 
terpreted physically as follows. If the temperature 
over tlie whole of the surface of the body is given as a 
function of the time, then the temperature in the interior, 
whatever its initial value may have been, also gradually 
approaches a perfectly definite time function which is 
independent of the original distribution of temperature. 
This is also an expression of the irreversible character of 
heat conduction. 

We shall now fix our attention on several simple 
particular solutions of the problem vLich are of physical 
interest. 

§ S3. Let us first take the stationary states, that is, 
those states for which the temperature at any place is 
independent of the time. For then we have, by (225), 
the condition : 

A0 - 0 (227) 

If the temperature given for the surface is every- 
where constant in time, then, as we have seen, a 
perfectly definite state establishes itself in the interior 
in the course of time, no matter what the initial tem- 
perature msbj have been. By HI, § 19 we see that 0, 
in fact, is uniquely defined by (227) and the boundary 
condition. 

If 0 depends only on a single co-ordinate, say x, (227) 
reduces to : 
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and we obtadn the law for stationary linear heat 
conduction : 

cd , 

;r- = const, or qx - const. 
dx 

for which the temperature gradient and with it the heat 
current have constant magnitude and direction. Their 
amounts are determined by the value of the temperature 0 
at tAvo different points x, corresponding exactly with the 
properties of the electric potential in a homogeneous 
electric field (III, § 16). 

§ 84. We shall now assume that 6 depends on the time 
i as well as on a’. Equation (225) then runs : 

dj 

nt 

A simple particular solution is obtained by setting : 

(229) 

Then (228) is satisfied by the relation : 

2^52 


^ 0 ? 


(228) 


a. — 


Particular interest attaches to those events in wliich the 
temperature varies periodically with the time. Hence 
Ave taJee a as purely imaginary ; 

a = 

and then obtain : 



We choose the loAvor sign hc]*e in order that 0 may not 
become infinitely great for + co. By substituting 
this value for p in (229) and omitting the imaginary part 
we obtain as the solution of the differential equation (228) : 

/«) X ' ‘ 

™ e “ “ cos “ 

2 a 

or, a little more generally, if 6^ and 6^ denote any two 
constants : 
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If we suppose the body to reach from 0 to -|- oo 
the expression (230) represents an event which, inde- 
pendently of the initial state, takes place in the interior 
of the body in the course of time if the temperature at the 
bounding surface x~ 0 varies with a single period given 

by I 

COS co£ ~r ^0 . . . . (231) 

The amplitude of the vibration is 0^, the mean temperature 

• * Stt 

0Q, the period of vibration • 

By (230) the process may be pictured as occurring in 
the following way : heat waves from the bounding surface 
a; =: 0 penetrate into the body ; these waves are conditioned 
by the temperature -vibration at the boundary and their 
amplitude decreases more or less rapidly as the distance 
icfrom the bounding surface increases. The wave-length 


IS : 


i2 

A = 27 rct\/— = 2c 

CO 

The velocity of projiagation is : 

2 

u = CO , a ~ == 2a' 

(O 

Tlie constant of space damping is : 

1 !co 1 


(232) 


r 


(233) 


(234) 


Thus the more rapidly the vibrations occur the shorter 
the waves become, the more rapidly they pro^iagate them- 
selves in the body and the less deeply they penetrate into 
it, 

A simple example of such periodic vibrations is given to 
a certain degree of approximation by the temperature 
fluctuations at the surface of the earth. In this case two 
different periods can be distinguished, the diurnal and the 
annual period. Corresponding to them there are two 
different kinds of heat waves that penetrate into the body 
of the earth. The first are sliorter than the second and 
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although thoy 
from the tueory ua 

measurements. The velocity nts to 

about 1 metre per day for the - - period 

and about 0*046 metre per day the annual period. 

the in both cases the ratio 


body. 

Exactly as for 
atures at the sunactj .x/=- u 

for any arbitrarily prescribed temperature fluctuations by 
resolving the given time function into a Fourier series 
(II, § 38) and superposing the correspondmg solutions (230). 

§ 85. Another method of finding a particular solution 
of the differential e( 4 uation (228) is based on the introduce 
tion of new independent variables. Instead of t and x 
we shall now introduce the independent variables t and 

u = ^ where we always take the positive sign for the 
Vt 

root. This substitution suggests itself to some extent 
because u has the dimensions of the constant a of heat- 
conduction. We then have : 

dB _ 

v9%/ 2 \c'ih 

It 

Further : 

dx/t dx 

and: 

I 
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and hence by substituting in (228) : 

d6 ^ 1 tidO _ w 
ci 2 tcu ” t 

nv ‘ 

2d'ii ^‘ct‘ 


This differential equation is satisfied by setting ^ 


CO 


= 0 


and also : 


udO 

“ Di(2 + 2 dll ~ ^ 


which may be written in tlio form : 


or 


du 


ml it 



-i- const. 
4a^ 


dd 

dtt 


C . 




Let us lirsb consider the special case in wliicli 0-0 for 
0 and 0=1 for n= - 1 - oo . The lower limit of the 
integral then becomes zero, and the constant G becomes 
equal to the rcciproeal value of Laplace’s integi^ai (IV. 
§47): 



and hence : 

0 = - 0 i^ulit, 

ay 7T Jo 
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To simplify tliis expression we sliall introduce in place of 


X 


the intemtion variable u = -r- the variable : 

Vi 



and so obtain as a particular integral of the equation of 
heat conduction (22S) ; 

(235) 


Let us consider its physical sigiujictuii.e for the case where 
the body extends from a;= - « to x= m and tlie 
process occurs from the time f = 0 till 1 = « . Initially, 
when i = 0, we have - 1 for all points on the negative 
side, 1 for all points on the positive side, whereas 
d = 0 and remains at that value for a: = 0. As t Increases 
the temperature on the nositive side gradually falls to 

1— .U, +1 

analogo 

= CO t! 

V 

.come zero for finite p.s of x, 

This course of y ne considered to b 

y the following Bring into contact two very 

of the 1, one of rvliich is at the 

' at the temnerature of 
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ihere is no sense in talking of a certain velocity of propa- 
gation of a heat -wave or a cooling wave ; for, no matter 
how small the time t may be, the temperature change at 
any distance however great already has a finite value. 
The characteristic feature of the process is rather the fact 
that the temperature at every point x depends only on 

the one quantity so that for every place the time has 

a definite order of magnitude "within which the temperature 
change becomes appreciable; the nearer the boundary 
surface is the sooner this time arrives. 

The behaviour of the temperature near the boundary 
surface x= 0 is of special interest. In general the 
temperature gradient is, by (235) : 


8 


1 


(236) 


and for a; — 0 : 



By (223) the temperature gradient at the same time gives 
us the amount of the heat conducted from the one body 
into the other. Eor t= 0 this amount is infinitely great 
and then decreases, at first raxDidly and then progressively 
more slowly until it becomes vanishingly small. It is 
noteworthy too that the question of the value of 8 for 
a: = 0 and t = 0 admits of no definite answer. Eor this 
answer depends on the -way in wdiich the two independent 
variables change in crossing the boundary. According 
as X or ^/l is of the higher order of magnitude, 0 = 1 or 0, 
and when they are of the same order of magnitude 8 has 
some value betw^een 1 and 0. 

The particular solution (235) of the equation of heat 
conduction may be directly generalized into the following 
form : 
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’where A and B denote two arbitrary constants. This 
solution can be adapted to the case where one of the two 
bodies (a; > 0) is initiaily at the temperature while the 
other {x < 0) is initially at the temperature 6^, Then 
when t = 0 we have for the first, by (238), that 6^=^ A i- B 
and for the second that — A + R ; this gives us the 
value of the two constants : 



When the body in question does not extend to infimiy 
in both directions but is bounded by the piano x = 0 
on the one side and reaches to x— H- co on the other 
side, (238) represents the change of the temperature for 
the case where the initial temperature is uniform and of 
the value A + 5 and the surface of the body, = 0, is kept 
constantly at the temp)erature B. 

§ 86. An interesting application of the last formula was 
made by Sir William Thomson (Lord Kelvin) in connexion 
with the question of the age of the earth. If we consider 
the earth as homogeneous and infinite in extent and having 
the plane surface a* = 0 as its boundary, and if we take the 
time 0 from the instant wdien the solidification of the 
earth, supposed liquid previously, had advanced' from the 
interior to the surface, that is, it is everywhere at the 
temperature at which molten masses of rock solidify, sav 
4000° C., then we obtain from (238) the law for the secular 
cooling of the earth, if wc assume that from the very 
beginning the temperatiu’e of the surface wms constant, 
say 0=0° C. For then, by the last remark of § 85 wc 
must set 0, A= 4000 and then (238) gives' ns the 
value of the temperature 9 for every place and time. 

In particular the temperature gradient or the flow of 
heat by conduction, respectively, is determined at the 
surface, if wo generalize (237), by : 
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Actual measurements show an increase of temperature by 
1° as the depth increases by about 25 metres. Hence for 
the present time we have : 

i degree per metre. 

ay rrt 

Now in § 84: we found that the velocity of projiagation 
(233) of the diurnal period of the tempei'*ature for t, which 
equals one day, is equal to one metre, that is, 1. 

Substituted in the last equation this gives : 

= i 

” 25 

and for the value ^4 = 4000 this becomes : 

4.10'^^ days, that is, about 100 million years 
for the age of the earth, calculated from the time at whicli 
its crust solidified , This estimate is in reality far too low, 
which is clearly due to the inadequate assumptions made. , 
We shall find occasion to improve on one of them later 

(§ B9)- 

§ 87. Another generalization of the particular solution 
(235), which is of ^till more far reaching importance, can 
be obtained if wo first start out from the simple solution 6 
of the equation of laeat conduction (228), which is obtained 
by differentiating (235) with respect to x : 

« I . . (241) 

Regarded ph 3 "sically, this is the temperature in a body 
which extends from — oo to a; = + co and in wdiich 
initially, when t ~ 0, the tcmj^eratnrc is everywhere zero 
except at the plane x ^ 0, whore it is infinitely great. As 
t increases the heat flows awa^^ to both sides, so that at 
t= CO the temperature becomes zero everywhere. 

This particular solution may now be generalized by 
displacing the favoured plane from the position x~ 0 to 
'any other position x= ^ and by adding together an 
infinite number of such solutions witli an infinite number 
of favoured points ^ lying veiy close to one another 
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at a distance each solution having been multiplied by 
any infinitely small constant peculiar to the point thus 
/(^) . d^. We then get as the solution of the equation of 
heat conduction (228) : 

» ( e-D- 

e . . (242) 


Closer inspection shou'S that this is the general solution. 
Eor by choosmg /(f) suitably this solution can be adapted 
to any arbitrary initial state. To take an actual case : 
at the time / = 0 let the temperature Oq{x) be given in some 
way for all values of x between — co and -I- oo , Let 
us on the other hand now calculate the temperature S 
from (242) for 0. If we first take t as very small, the 
integrand in (242) vanishes for all values of f except those 
which lie very near the value x. Hence if we introduce 
e ill place of f as the variable of integration, the 
integral in (242) reduces to : 

L -r e) . 1 


where the limiting value of e, is small compared with a;, 
but large compared Avith Or, if wo malce the sub- 


stitution 7 ] = 
function / : 


and omit g in the argument of the 



If this value of the integral is substituted in (242) we get 
for ^ 0 : 

^0 == 2/(a;) 

which relates/(a3) to In this Avay Ave obtain the temper- 
ature of the body at any point a; for any time t, if the 
temperature 0o(a;) is ghmn in some Avay for for all 
points from x= — co to x— -j-co : 



. . ( 243 ) 
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This general solution of course contains the particular 
solution (235) previously obtained for a special case. 
For if u’e set 0o(^) = - 1 for ^ < 0, 0o(^) = + i for ^ > o, 
then (243) becomes transformed into (235), as may easily 
be verified by calculation. 

§ 88. We shall here add the case where the two homo- 
geneous bodies which are in contact along the plane 
0 and extend to infinity on opposite sides, have the 
initial temperatures and but do not consist of the 
same substance ; that is, their constants a and a/ of heat 
conduction are different. The solution of the problem is 
then also obtained from the expression (238) by inserting 
the constants a, A, B for positive values of x and the 
constants a', A', B' for negative values of x, While a 
and a' are given at the beginning wo have also four 
equations to determine tlio four quantities A, B, A', B\ 
Two of these arc the equations for the initial temperatures : 

01 - A -i- R, 02 = “ 

The third is the condition for a steady temperature at 
0, B=B'. The fourth is the condition, which 
follows from the energy principle (cf. Ill, § 0), that the 
normal component of the heat current is constant : 
q,+ : 

A A' 

so that everything is determined. 

The preceding problem is to be included in tliose dealing 
with internal heat conduction l}ec{Uise, on account of the 
assured constancy of the temperature, no other material 
constants occur apart from the conductivity {Wdmdei- 
tiingskoejjizient), k or, respectively, the constant a of 
every body. 
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§ 89. Ih reality tlie temperature at the common 
bounding surface of two bodies that are not in heat 
eq^uilibrium is never constant, but always exhibits a more 
or less abrupt transition. In place of the condition for 
the constancy of the temperature another boundary 
condition then appears, which expresses a definite relation 
between the abrupt change of temperature {Tempeminr- 
sprung) and the normal component of the heat current. 
The simplest relation is that in which wc set the two 
quantities proportional to each other, thus : 

q, = h{d'~e) ( 244 ) 

where v denotes the inward normal of the body which has 
the temperature 0. The positive constant h is called the 
“ coefficient of external heat conduction ” or “ external 
conductivity ” and depends on the nature of both bodies, 
An infinitely great value of h denotes constant temperatoe, 
that is, the case treated in the preceding chapter; an 
infinitely small value of h, on the other hand, denotes 
thermal isolation, that is, it represents the adiabatic 
condition. 

In discussing particular solutions wo shall first link up 
with the problem of the secular cooling of the earth which 
was treated in § 80. Wo again assume the earth to 
extend from x = 0 to ,t = co and to have an initial temper- 
ature of 4000° C. In § 80 wc used as the boundary 
condition the equation 0=0 tor x= 0 and any values of 
I, and we obtained as the solution the expression (238) 
with J3= 0. 

Wc now allow the temperature to undergo an abrupt 

IOC 
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transition at the bounding surface between the earth and 
external space, namely from 6 to zero, and, by (244), we 
write for the heat current : 


or, if ^'0 set : 


we have : 


UU 


- he 



(245) 



which holds for x = 0 and for all values of the time t. 
This formulates the problem completely. Eor & — oo 
the boundary condition becomes 0=0 and then the earlier 
solution (238) results. 

Eor a finite value of b the solution can be obtained 
if we can determine the following function ^ of x and t : 

= r/> (247) 


This function c/) satisfies the differential equation (228) in 
particular, if we insert 0 in it instead of 0. Eurther 


dO 

^~A when i = 0 since 6= A and ^=0* Lastly, on 

account of (246) ^ = 0 for a; = 0 and for all values of t. 
From, this it follows that the function is no other 
than that temperature which in § 86 represented the 
solution of the problem and which corresponds to an 
infinitely great value of 0. So by (238) : 


X 


‘2aV^ 



(248) 


All that now remains is to calculate the function 0 from 
the differential equation (247 ) . This i s a non-homogeneous 
linear equation of the first order in a single variable x. 
We integrate it by setting ; 

6 ^ ijj , . 


(249) 
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It then follows from (247) that : 



and hy integrating : 



Hence, by (249) : 




We must take co for tbe lower limit of the integral, as 
otherwise 0 would become infinitely great for rr=co. 
The expression (250) for 6, together with the value (248) 
for (j), represents the solution of the problem. For 0 
we have by (248) that A and by (250) 6— A, corre- 
sponding to the initial temperature ; but at the surface 
ic = 0, 0 is not zero right from the beginning but changes 
continuously with the time t. 

To be able to introduce ^ in a somewhat less complicated 
way we fhst transform (250) by integrating by parts : 


and have now only to deal with ^ in the integrand, that 

is, with an exponential function. 

Since wc are interested in tlio temperature at the 
surface of the earth we set x = 0 and obtain ; 


or, substituting for f/j from (248) : 



This time-function represents the course of the temperature 
at the earth’s surface. For small values of t the first 
term in the exponential predominates ; 6 then becomes 
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equal to A. Eor large values of i the second term pre- 
dominates ; the integral then becomes equal to ^ and : 


A_ 
Qjh V ttI 



If, as in § 80, we again wish to know the temperature 
gradient at the earth’s surface, its value can be obtained 
directly from the boundaiy condition (246) as bQ, and so 
for |reat values of b by (252) : 


which is identical with (240). From this we see that 
by introducing a finite value for the external heat con- 
duction the value of the temperature gradient at the 
earth’s surface is not iTifluenccd at all for great values of t. 
External heat conduction thus seems to offer no prospects 
of accounting for the above-mentioned deviation of the 
age of the earth according to Thomson’s theory from its 
actual age, wliich is much greater. The true reason is 
in fact to be sought in quite another quarter, namely the 
continual development of heat by radio-active processes 
which strongly counteract the cooling of the earth. 

§ 90. Hitherto we have always imagined the body to 
extend to infinity. Wo shall now consider the case of a 
plane parallel plate of finite thiclcness with the boundary 
surfaces a;= 0 and x~l^ whose temperature 0 at 0 
we shall suppose given as an arbitrary function of the 
space co-ordinates. And wo shall suppose that the body 
can exchange heat through its two boundary surfaces with 
the surrounding medium (air), Avliicli is at zero temper- 
ature, according to the law (246) of external heat con- 
duction. Wo then require to integrate the differential 
equation (228) fo]‘ /?, taking into accouut the boundary 
conditions : 



( 253 ) 
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for a; = 0; and : 


~ = -be 

CO) 


(254) 

for 1. 

We treat this problem as in all similar cases by first 
finding a simple particular solution of the difierential 
equation, which satisfies the boundary conditions. We 
then add together a sufficient number of such particular 
solutions, multiplied by appropriate constants, thus 
generalizing the solution in such a way that it can he 
adapted to the given initial state. 

Let us ai^ply this method first to the special case for 
which the constant h of external heat conduction becomes 
infinitely great . The two b ounclary conditions then reduce 
to ^ = 0 and the following expression offers itself as the 
simplest particular integral of (228) which also satisfies 
both boundary conditions : 


^ . 71'ItX f 

6 = sin-j” . 


(255) 


where n denotes any integer. We see that the differential 
equation (228) is actually satisfied by setting : 

y = - 


and 6 vanishes for both ai == 0 and 1. 

In the initial state (^~ 0) the spatial distribution of 
temperature in the case of the particular solution (2oo) 
is represented by a sine eiu've. But if we multiply the 
expression by a constant A „ and sum up over all values 
of n from 1 to co (negative values of n do not add to the 
generalization), we obtain tlic general solution of the 
problem : 

... (257) 




v,,c . ’}l7rx 

-i vjm 


where the expression (256) is to be substi 
Actually the coefficients An can always in 

such a way that for t ~ 0 tlic temperature 0 becomes any 
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arbit-rarily prescribed space function For when 

0 we obtain from (257) : 


= E An sin ■ 



and this is a Fourier series (II (182)) with a period x- 21, 
whose coehicients arc uniquely determined if the function 
is given in any way within the hall' period I (II, § 39). 

§ 91. Revei’ting to our treatment of the general case 
in which the constant 5 of external heat conduction is 
finite we choose as the xiarticular integral, generalizing 
(255) t 

d = cos (ax -1- P) . . . . . (259) 

The differential equation (228) is satisfied if we set : 

y = — (260) 

The first boundary condition (253) is satisfied if we set : 

tan p — ~ - (261) 


With these values for y and p, and simplifying the 
expression (259) by dividing by cos p, Ave get ; 

6 — (cos ax + ^ sin ax) . (262) 


27r\ . 

still arbitrary. Wo aiiall use it to satisfy the second 
boundary condition (254) as well. This gives, by (262) : 

tau d = ~ (263) 

If 


Here only the constant a, the '‘wave number” 


This equation which involves a transcendental function 
in a ma}?- be reduced to two simpler ecpiations. For if we 
consider that on the one hand : 


2 



tana 


tan al ~ 
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and on the other hand : 



it follows that the equation (2G3) is >satisfiecl by : 


as well as bv : 

4 * 



h 

a 






The roots of both equations can be clearly demonstrated 
by means of graphical representation if we plot the values 
of a, sajq as the abscissae and then look for the points of 

intersection of the curve y — tan ^ with one of the two 

cuiTes 2 / = - and 2 / = ~ T(Fig. G). The first curve is a tan- 
gent ciuve witii the values 0 and oo succeeding each other 

* 77 * 

regularly at distances ^ apart. The second curve is an 

equilateral hyperbola with its branches in the first and the 
third quadrants, the co-ordinate axes being asynq3totes. 
The tliird curve is a straight lino which passes through the 
origin 0 and the second and fourth quadrants. In Fig. G 
only the positive a-axis is shown, as a reversal of the sign 
of a leads to nothing new. 

We see from the figure that there arc an infinite nuinher 
of roots both on tlio hypeihola and oii tlic straight line. 
If we number them in the oj'dcr of tlieir magnitiido we 
detain on tlie hyperbola the j'oots wdbh odd indices ; 
1, 3, G . . . , and on the straight lino those with even 
indices : 2, 4, 6 ... A z'oot ao— 0 does not enter into 
the question, as wo see from (2G2) if wc set a = 0 in it. 

The quantities aj^, ao . . . a,^ . . . wliich arc determined 
by the equation (2G3) arc called the “ proper values” of 
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the wave-number a, and the expressions (262) which 
involve the proper values of a are called the ‘‘proper 
functions” of the system in question. Even if the exact 
values of oi/i cannot be directly given their approximate 
values can easily be read off from Fig. 6. Eacli of the 



intervals marlced off along the a-axis and of width j 
evidently contains a root, so that : 

/ , V TT ^ nrr 

[n - 1) j < a« < j • 
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As the order number n increases approaclies more and 

more closely to the lower limiting value which 

for odd values of n (points of intersection with the hyper, 
bola) denote the zero points of the curv^e of tangents, 
wliereas the even values of n (points of intersection witli 
the straight line) denote the points at infinity on the ciuTe 
of tangents ; so that the distance between two successive 


proj)er values a,i 


asymptotic ally apiDroaches 


the value 


V 


§ 92. Having found a series of })articular solutions of 
the problem under consideration we have now to combine 
these together to form the general solution corresponding 
to any arbitrary initial state. For brevity wo denote the 
proper function of by (262), by : 


Xn = cos ! 


^ — sin anX 
a« 



We niultpiily it by a constant An and by summation form 
the solution : 


6 = . . (267) 
« = 1 

To recognize that this is the general solution it is sufficient 
to prove that it can be adapted to an arbitrary given 
initial state (value of d for 0), or tliat every given 
function d^{x) in the interval from x = 0 to x — I can be 
expanded in a series of progressive pj^opcj’ f unctions : 


We shall here restrict ourselves to sliowing that unique 
values can be obtained for tlic cooificients An if ^()(^’) h 
given between x = 0 and x = 1. 

The method resembles that used in IT, § .‘^8, to expanda 
function J{x) in a Fourier series, and actually in fact 
represents a generalization of it. For in tlio Fourier series 


the projjer values of a arc the whole inultiplos of ^ and the 
proper functions are the scries of tlio wliole multiples of 
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^ as can be seen directly by comparing the formula 
I ’ 

( 268 ) with the special formula (258) derived in the preced- 
ing section for the case & = co . 

As in IT, § 38, so also here we multiply the given function 
with a proper function Xn and then integrate with 
respect to x over the whole series of values between x = 0 
and x = L By (268) wo then obtain : 


7)1 — 00 


I ^^Xiiclx — X A 7/1 / XjfiXndx , . (269) 

Here, as in the case of the Fourier series, the integral 
on the left must be directly calculated whereas the sum 
on the right reduces to a single term, namely that for which 
the index n. This happens in the following way in 
working out the integral on the right-hand side. Since 
the function X„y by its definition (266), satisfies the 
differential equation : 

rl^Y 

.... (270) 


we have, intergrating by parts : 

" X„d- ^ 


d^X„ 


1 d^ 

J(i dx ‘ dx 


dX m dX,, 
dx * dx 


(271) 


if wo exchange the indices m and n in tliis ortuation, the 
left-hand aide remains im changed, and consequently 
also the right-hand side, so that we get by subtraction : 


Now, by (253), (262) and (266) wo have for a; - 0 : 


fti f T 1 • 1 ■ til 

lac ” fiiiiid lilcowiyo 


bX,.. 
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Honco the expression on tiie right-hand side vanishes for 
a; — 0 and the same holds for x=^L Consequently : 

L 

XmXnth = 0 . (272) 


Thus if m and n are different from each other, we have 
generally : 

rl 

XmXndx = 0 (273) 

h 


which is the so-called “ condition of orthogonality.’' 
The name recalls the analogously constructed formulse 
I (332) and III (115) for the orthogonality of co-ordinates. 
Of the sum (269) only the term, m = then remains : 



d^;iXndx 



Here the integral on tlie left-hand side may either he 
calculated by substituting (266) in it and performing the 
integration, or indirectly as follows. From (27 1 ) it follows 
when 771 -n that : 


On the other hand from (266) and the differential co- 
efficient : 

-f "TT- 

= - a„ sin + b cos . (276) 

we have, by squaring and adding, that : 

-^r = a»'=-h6^ . . (277) 

or, integrated : 

. . (278) 

If we subtract the equations (275) and (278) from each 
other one of the integrals cancels out and wo are left with : 
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whereas for we have, by (254), (262) and (266) : 


dx 



that is, by (277) : 
and: 



So we have finally : 

2an‘^ I X.Hx = (an^ H- y^)l + 26. 

Jq 

Substituting this value in (274) we get : 

?i • I Q “b ^ 2 1 ^ ' • (279) 

In this way we have obtained the value of the coefficient 
in the expansion of the function dQ{x) in terms of the 
proper functions Xn and hence, by (267), our problem is 
solved. 

§ 93. Hitherto we have assumed the body to be of 
infinite extent in the direction perpendicular to the 
iu-axis. We shall now conversely investigate the heat 
conduction in a body in the form of a relatively long 
cylindrical rod which has a very small cross-section of 
any shape Avhatsoevor, one of its ends being kept at a 
cleWte temperature 9q while the whole rod projects freely 
into a medium (air) which is at the constant temperature 
zero. (This is the experimental arrangement used by 
Wiedemann and Eranz.) If we take the axis of the 
cylinder as our aj-axis, the temperature in this case too 
essentially depends only on the co-ordinate x : this is, 
however, not because d is independent of y and as in the 
cases hitherto treated, but because the co-ordinates y and 
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z have such small values for all points of the rod, so that 6 
varies only very little over a definite cross-section x of 
the cylinder. 

In view of this circumstance we cannot neglect the 
differential coefficients with resi)ect to y and z in the 
general differential ef|uation (225) of heat conduction, but 
must take their values into account. This is done hy 
setting up the boundaiy conditions \rhich hold at the 
surface of the rod. These are, by (244) : 


or 



d9 


(280) 


where v denotes the inward normal to the surface. If we 
integrate the equation (225) for a constant x over the 
corresponding cross-section q of the rod, we get : 




This double integral may be tralisfori^eclj^Xl^.J^ manner., 
exactly analogous to that used in transforming tlie triple 
integral in H (82), by performing the integration and 
converting the integral into a contour integral, namely ; 


where dX denotes the element of length, taken i)ositivoly, 
of the contour of the cross-section. If we take into 
account the condition (280) that holds along the whole 
contour the double integral assumes the value ; 

~bjd.clX = -bd.X 

where A now denotes the length of the contour. And 
the differential equation (281) assumes the form : 
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or : 


. ( 283 ) 


where we have set : 


or, hy (224) and (245) : 




hX 

clcq 


(284) 


(285) 


Thus the constant / depends on the specific heat of the 
substance^ its specific gravity, the surface area and length 
of the contour of the cross-section and, finally, on the 
coefficient of external heat conduction h, but not on the 
coefficient of internal heat conduction k. From this it 
folloAYS that in the difierential equation (283), which gives 
the variation of the temperature "with tJie time, the 
influences of the internal and the external heat conduction 
are simply become added. 

For the state which is stationary in time we get from 
(283) : 

020 




dx^ 


wliich, when integrated, gives : 

fz Jx 

0 = Ae"" H- iJe “ . . (286) 

The boundary conditions at both ends of the rod servo to 
determine the tAVO integration constants A and B. The 
one end (.r = 0) is maintained at the constant temperature 
so : 

eQ = A-\-B (287) 

The other end {x— 1) projects freely into the air. For 
this Ave have the boundary condition (280) : 
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and JiGiire* hv /'2S(>), for I : 

f\ fl f\ 

• (X/ ■ ■ V aj ■ 

Equations (287) and (288) determine A and B. If i 

length I of the rod is great compared nith then, 

(2SS), A vanishes compared with B; and, by (287), 
get simply R — 
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HEAT RADIATION 




CHAPTER I 


INTENSITY OE RADIATION. EMISSION AND 

ABSORPTION 


§ 94. The equalisation of temperature in bodies at rest 
is effected not by heat conduction alone but also by heat 
radiation, which is a totally different mode of propagation 
of heat. For whereas the heat conduction in a body, as 
we saw in the second part of this book, is represented by a 
vector which is completely determined by the temperature 
gradient at the point and hence vanishes simultaneously 
with it, the radiant heat at a point is in itself cpiite in- 
dependent of the temperature of the body at this point. 
Thus the radiation from the sun can pass through a lens 
made of ice and can be brought to a focus. Moreover the 


state of radiation at a definite point is not characterized 


by a single directed quantity but in general comprises an 
infinite number of rays which traverse the pomt m all 
possible directions, their intensity, frequency and polariza- 
tion being entirely independent of one another. Further, 
two rays moving in diametrically opposite directions but 
liavmg exactly the same frec^uency and polarization do 
not combine into a single resultant but behave as if 
entirely independent of one another. 

'Wo regard heat rays, just as we regarded optical rays in 
Volume lY, as electromagnetic waves, but for simplicity 
we shall restrict our investigations to those cases for wdiich 
the law's of geometrical optics or ray optics (IV, § 28 ) hold, 
by excludmg the phenomena of “ diffraction ” and 
“scattering.” We also require to separate all lengths 
that come into question into two sharply differentiated 
groups according to their order of magnitude : the one 
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group comprises 'ware-lengths, the other the linear di^ 
inensions of bodies. The former are vanishingly small 
compared vith the latter and even comj^ared with the 
differentials of the latter. It is only under this condition 
that we may assume the laws of ray optics to be valid. 
It is usually fulfilled if we assume the dimensions of the 
bodies under consideration to be sufficiently great. 

But although the distinction between great and small 
lengths is as important in heat theory as in optics^ the 
distinction between great and short times is still more 
important. Por the very definition of the intensity of a 
beam of heat as that energy which is supplied by the beam 
per unit of time contains the assum 2 :)tion that the unit of 
time chosen is great comjDared with duration of the 
vibration corresponding to the colour of the beam (cf. 
IV, § 4). Otherwise the amount of the intensity of radia- 
tion would in general obviously depend on the phase of the 
vibration at which we begin to measure the energy pro- 
vided by the beam. Only when the unit of time happened 
to include a whole number of vibrations would the intensity 
of a beam be of constant period and constant amplitude 
independent of the initial phase. To escape from this 
inconsistency we find ourselves conij^elled to postulate 
that the unit of time or, better, the time which is used to 
obtain the mean value of the radiant energy is great com- 
pared with the period of any of the vibrations contained 
in the beam. 

§ 95. The great simplification which we gain by re- 
stricting ourselves to ray optics is due to the fact that it 
allows us to imagine the radiant energy to be localized 
in separate independent beams. On this view every body 
is filled with a group of energy rays, each of which describes 
its own definite path with a velocity which is determined 
; by the index of refraotion of the body ; and each ray is 
. refracted and reflected at the surface of the body accord- 
ing to the laws of optics (Fermat's Principle, IVj 91). 
An infinite number of mys pass through each definite 
point of the body, but only one passes through two definite 
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cfiveu points. To be able to speak of the intensity of 
radiant energy we must start out not from two points but 
from two elements of area rfo- and da both of which we 
assume infinitely small compared with their distance 
apart, hut otherwise arbitrary. In particular, one of the 
elements of area can be infinitely great compared wdth the 
other. From each point of the element da a definite raj^ 
then goes to each point of the other element of area da\ 
and conversely. All these rays taken together form a four- 
fold infinity of rays, or a two-fold infinity of con.es of rays 
with their vertices at da or da\ which we call the beam or 
pencil of rays {Strahlenhundel) having the ‘‘focal 
surfaces ” [ByennftdcJwi) da and da'. The focal surfaces 
which characterize the beam play a very important part 
in it. For if we intersect the beam at any point by means 
of any plane other than da or da' we can no longer speak of 
a definite cross-section of the beam ; rather, each of the 
infinite number of conical beams with their vertices on 
da or da' has a distinctive cross-section. 

• If the body is homogeneous and isotropic, as we shall 
lassume, the rays are straight and their velocity of propa- 
[gatiou is the same in all directions. Then the energy 
which is radiated per unit of time by tlie beam of rays 
from da through da' will be pjroportional to the areas of 
the surface elements da and da' and inversely proportional 
to the sq_uare of the distance between them (III, § 90), 
but, further, it will also be proportional to the cosine of 
the (acute) angle which the direction of r makes with the 
directions of the normals v and v' to da and da' respectively. 
For the number of rays which belong to the beam is not 
determined by the quantities da and da' themselves but 
by their projection on the plane perpendicular to r, as is 
seen from simple geometrical considerations. 

Thus we obtain for the energy which is radiated tlirough 
the surface element da in unit time to the surface element 
da' the expression : 

(v , r) . co s {v'^r) ^ 
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where K is the “specific intensity of radiation” or the 
“ emissivit}",” a finite positive quantityj wliieli in general 
depends on the space co-ordinates, time and direction. 
If, in paiHcular, K is constant, the two surface elements 
da and da' radiate equal quantities of energy to each other, 
as is evident from the symmetry of the expression (2S()). 
If v'G introduce the quantity : 

clQ = (289ft) 


for the solid angle {Offniuigsivinkel) which the surface 
element da' appears to make when seen from a point of 
the surface element da, the expression for the energy 
which is radiated becomes still simpler : 

K . da cos {v,r) . dQ . dt 

or, if we denote the angle which the direction r makes 
v'ith the normal v to da by 9 : 

K .da , cos 9 .dQ .dt . . . (290) 

Prom this we see, among other things, tliat we can speak 
of a finite radiation of energy in a definite direction only 
in so far as the radiation occurs within a cone of finite 
aperture. There is no finite light or heat radiation which 
propagates itself in one direction only, or, what amounts 
to the same thing, there is in nature no absolutely parallel 
light, there are no absolutely plane waves of light. A 
finite amount of radiant energy can be obtained from a 
so-called parallel beam of rays only if the rays or the 
wave-normals of the beam diverge within a finite, even 
if only very small, cone (cf . IV, § 36). 

A fundamental difference between light- and sound- 
waves is due to this circumstance, which, as we shall see 
later, is intimately connected with the fact that the second 
law is of importance only for optics, not for acoustics. 

Erom (290) we see that the total radiation through the 
clement of surface da towards the one side is obtained by' 

integrating with respect to 9 from 0 to ^ and with respect 
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to (j) from 0 to 2rr, since clQ = sin 9 tW d<fi : 


dcT • di m 



clQ K sin 9 oos'0 


where K is a given function of 9 and </>. If the radiation 
is uniform in all directions, that is, if K is constant, it 
follo'vvs from this expression that the total radiation 
through da towards one side is : 

TrKdadt (291) 


§ 96. Since the radiant energy propagates itself in the 
medium with the finite velocity g, if we leave out of account 
dispersion, a finite amount of energy exists in a finite 
part of space. We therefore speak of the “ spatial energy 
density ” -it as the ratio of the total radiant energy contained 
in an element of volume to the magnitude of the element 
of volume. Let us now calculate the spatial density of 
radiation u at Sbuy point by assuming that the specific 
intensity of radiation K at this point is given as a function 
of 9 and With the point as centre describe a sphere, 
then all rays that intersect at the point will pass through 
the surface of the sphere ; each of these rays contributes 
its portion to the required density of radiation The 
energy which is emitted in a time dt from a surface element 
ih of the sphere to a parallel surface element da which is 
infinitely great compared with da and passes through the 
centre of the sphere is, by (289) : 


Z. 


da da' 



dt. 


When this energy has reached the centre it fills the space 
of a rectangular parallelepiped whose area of base is da' 
and height q . dt, that is, whose volume is da' , qdt. 
By dividing this into the expression just obbained for the 
energy we get for the spatial density of radiatioTi produced 
by the beam at tlie oonti’e of the sphere : 


Kda 



N 
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where clQ denotes the solid angle which the element ch of 
the spherical surface appears to subtend at the centre, 
]By integrating over all directions in space we obtain the 
required spatial density of the whole radiation at tlie point 

in question : 

» r r 


I /{sin Odd (U . (29 lo) 

q] 3 - 

case of uniform radiation /{ is again constant) and 


so we get : 




§ 97. The specific intensity K of the radiant energy in 
every direction subdivides further into the intensities of 
the individual rays, which belong to the different parts of 
the spectrum and propagate themselves independently of 
one another, that is, into the rays of different “ colours.” 
The important factor that here enters is the intensity of 
radiation within a definite range of frequencies, say from 
V to v'. If the interval r' - v is sufficiently small, equal 
to dv, then the intensity of radiation over this range is 
iiroportional to dv : the radiation is then called “ homo- 
geneous or monochromatic. Rut we must heai in 
mind that even in the case of such homogeneous radiation 
there is always a finite allhough small interval of 
frec|iioncies corresponding to a finite amount of radiant 
energy. 

The last characteristic of a ray, besides its definite 
intensity, direction and frequency v is its type of polariza- 
tion. if we denote the two principal intensities corre- 
sponding to the two mutually perpendicular principal 
planes of vibration (IV, § f 1) by Kvtlv and K\ilv^ we get, 
if we sum up over the whole spectrum i 

f [K,~ylV,)dv. . . ( 293 ) 

k 

where is now to be regarded as a finite function of the 
space co-ordinates, tlio time, the direction and the 
frequency v. 
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For unpolarized raj's /f„ = K\, hence : 



If further the radiation is uniform in all directions we get, 
bv (291), for the total radiation through a surface element 
da towards one side : 




27Tcladt Kdv 



Just as we speak of the spatial density of the total 
radiation it so we also spealc of the spatial density of the 
radiation of a definite frerpiency i«,„ l}y salxlividing the 
spectrum thus : 

It = [ iivclv (296) 


Combining the equations (292) and (294) wo get for light 
which is unpolarized and uniform in all directions : 


(297) 

§ 98. Hitherto we have dealt only with the propagation 
of radiant energy in a body. We shall now turn our 
attention to the birtli and the annihilation of heat rays. 
The process of birth of a heat ray is generally called 
“omission.” According to the energy principle the 
emission always takes place at the expense of some other 
energy (internal heat of bodies, chemical energy, electrical 
energy) . From this it follows that only material particles, 
^including electrical particles, can emit heat rays, but not 
geometrical spaces or surfaces. We commonly speak 
of the surface of a body emitting heat to its surroundings, 
I but this expression only means that the rays which, 
coming from the interior of the body, impinge 0 ]i the 
surface, are partly transmitted througli the surface to 
the outside, the remainder being reflected back into the 
interior. 

Let us now consider the interior of a physically homo- 
geneous substance emitting rays and lot us mark off some 
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element of volume fZr(5>A®). Then the total amount of 
radiant energy emitted in the time dt by all the particles 
in the element of volume will be proportional to dr. If 
the substance is isotropic the radiation will be emitted 
uniformly in all directions and the energy emitted within 
a cone will be proportional to the solid angle of the cone. 
Eurther, the radiation will be unpolarized. Hence the 
total energy emitted in the time dt by the element of 
volume dr in the direction of the elementary cone dQ and 
having frequencies between v and v-j- dv may be set equal 
to : 

dt .dr , dQ ,dv.'2€y . . . . (29S) 

We call the finite quantity e, the coefiicient of emission 
or emissivity of the substance for the frequency v. It 
refers to a linearly polarized ray. The total emission of 
the volume element dr is obtained by integrating over all 
directions and all frequencies. This leads to ; 

r 

dt .dr , Stt €ydu (299) 

The emissivity besides depending on the frequency v, 
also depends on the state of the emitting substance 
contained in the volume element; in genex’al this de^ 
l^endence is very complicated. But in the sequel we shall 
everywhere introduce the simplifying assumption that 
the substance is in thermodynamic equilibrium in the 
element of space dr. It necessarily follows then that the 
emissivity besides depending on the density and the 
chemical nature of the substance, depends on nothing else 
except the temperature T and the frequency v. In this 
case the radiation is called temperature radiation ’’ in 
contrast with “ fluorescence radiation,’^ 

§ 99. The annihilation of a heat ray is called ahsorp^ 
According to the energy principle the energy of 
the radiation must be transformed in this process into some 
other form of energ}^ (such as internal heat of bodies, 
Chemical energy), and hence it follows that only material 
/particles can absorb heat rays, but not siirface elements, 
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alt'hougli we Bpoak for the sake of brevity of absorbing 

surf acGSt 

The iDrocess of absorption manifests itself in the fact 
that a heat ray which is advancing through a medium is 
^rcakeIled in its ]:)assa.ge to a fraction of its original 
intensity ; for a sufficiently small distance s of its path 
this fraction is proportional to the length traversed. We 
ahall set it ectual to : 

. s (300) 


and shall call a,, the absorption coefficient of the substance 
for a ray whose frequency is v. Since we are considermg 
only homogeneous and isotropic substances we msij 
assume ay to have the same value at all points and in all 
directions and to depend only on the frequency v, the 
temperature T and the nature of the substance. 

, If a dihers from zero only for a limited range of the 
'Spectrum the substance possesses “ selective ’’ absorption. 
[For those colours for which 0 the substance is 
Jcoinplctely transparent or “ diathermanousf ' The 
properties of selective absorption and diathermancy may, 
however, vary greatly wdth the temperature. In general 
we assume ay to have a moderate magnitude ; this implies 
that the absorption along a single wave-length is very 
weak. For the distance s, although small, yet* contains 
many wwe-lengths (§ 94). 

If the radiation arrives at the boundary of the medium 
aiicl there impinges on tho surface of another medium, in 
general a piart Avill be reflected, the remainder being 
ailo^Yed to pass through. Reflection and refraction cither 
occur regularly, in accordance with the law of reflection 
and Snelfs law of refraction (IV, § 8), or they occur 
“diffusely,” that is, the rays are scattered at the surface 


in difierent directions with different intensities in the two 


media. In the former case we call the surface of the 


second medium “ absolutely plane ” or smooth,” in the 
latter “we call it “ rough.” If a smooth surface completely 
A’efleots all the I’ays that fall on it we call it a “ mirror 
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surface.’^ But if ii rougli surlaco completely rellocts all 
the incident rays uniformly in all directions wo call it 
“ white.” The converse limiting case in which the surface 


of a medium completely transmits all the incident rays 
does not occur in the case of smooth surfaces if the 
media in contact are optically different at all. Besides 
speakmg of white surfaces Ave also speak of black ” 
surfaces. We call a body black when it absoihs all the 
incident rays, reflecting none and transmitting none. 
To be l)lack a body must therefore fulfil tAvo different and 
entirely independent conditions. Firstly^ it must have a 
black surface. Since the properties of a surface arc in 
general influenced by the substances on both sides of it 
this condition shoAvs that the degree of blackness of a body 
depends not only on its oaaui nature but also on the nature 
! of the neighbouring medium. A body Adiich is black for 
air need not be so for glass, and conversely. Secondly, 
the black body must have at least a certain thickness,' 
Avhich is determined according to the degree of its absewp- 
tive poAver, in order that the rays received by it may bo 
completely absorbed in its interior and cannot again pass^ 
out through the surface at any other point. The more 
strongly a body absorbs the less AAdll be the tliiclaiess 
necessary for complete absorption. 

These distinctions and definitions in the first place refer 
only to rays of a definite colour. A surface, for example, 
Avhicli is rough for a certain kind of rays may be smooth 
for another kind of rays. In general a surface becomes 
llcss and less rough for rays of increasing AA^ave-length, as is 
leasy to understand. Since, as above remarked, smooth 
non-reflectmg surfaces do not exist, all black surfaces 
that can be prepared in practice (lamp black, platimim 
black) exhibit appreciable reflection for rays of sufficiently 
great AA^aA^e-length. Concerning the possibility of realising 
black bodies experimentally see § 104 beloAv. 
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KIRCHHOEE’S LAW. BLACK BODY 

RADIATION 

§ 100. We shall now apply the theorems worked out in 
tlio precetlmg chapter to the special case of tliermo- 
clyiiamic equilibrium. We therefore preface our discussion 
by draAvhig the following inference from the second law : 
a system of bodies of any land which are at rest and 
enclosed by an envelope imper\dous to heat passes in the 
course of time from any arbitrarily chosen initial state 
into a state of equilibrium for which the temperature in 
all the bodies of the system is the same. In this final 
state the entropy of the system has reached the maximum 
of all those values which it may assume with the total 
energy given by the initial conditions. 

In certain cases it may happen that under the given 
conditions the entropy can assume not only one but 
several different maxima, one of which is the absolute 
maximum, whereas the others are of only relative im- 
portance. In these cases there are several different states 
of thermodynamic equilibrium. But of these only that, to 
n'Mch the maximum value of the entropy con’esponds, 
denotes the absolutely stable state of equilibrium. The 
others are in a certain sense unstable or metastablc, in 
that if the equilibrium is disturbed appropriately, be it 
ever so slightly, a permanent change of the system 
occurs in the direction of a more stable equilibrium. 
Of. §§ 54 and 58 above. 

We next enquire into the conditions which the radiation 
phenomena must obey to bo in harmony with these laws. 
We therefore investigate the thermodynamic state of 
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equilibrium of one or more bodies filled mth radiation. 
First we take the simplest case, a single medium 
which extends very far in every direction of space 
and, like all other systems here to be considered, ig 
surrounded by an envelope which is opaque to heat. 
Let us provisionally assume that the medium has a 
finite eniissivity mid a hnite absorption coefficient c/.y for 
every frequency v. 

We shall first consider those regions of the medium 
which are far removed from the surface. For them, at 
any rate, the influence of the surface becomes vanishingly 
/ small ; and on account of the homogeneity and isotropic 
character of the medium we shall have to conclude that 
in the state of thermodynamic equilibrium the heat radia- 
tion is of the same quality everywhere and in all directions, 
or, by § 97, tlmt Kp is independent of the azimuth of the 
polarization, the direction and the space co-ordinates. 
Hence corresponding to every beam of rays which starts 
fi^om a surface clement da and diverges within an 
elementary cone dQ we must have an exactly similar 
beam travelling in the opposite direction and converging 
within the same elementary cone towards the sui’face 
element. 

As the state of the radiation remains unchanged it 
follows immediately that during an arbitrary length of 
time just as mucli heat radiation is absorbed in every 
element of volume as is emitted; this applies to every 
frequency individually. For the different kinds of rays 
behave quite independeiitiy of one another, and tlie 
radiation of a definite frequency can be influenced in no 
other way than by emission or absorption. We calculate 
the energy emitted and absorbed during any time t within 
a volume element by fixing our attention on the radiation 
contained in a volume element within a definite elementary 
cone dQ. To simplify the calculation we choose the 
volume element in the form of a rectangular x>arallelepiped 
with its base da perpendicular to the direction of the 
elementary cone and of height so that the volume 
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= s . da. Then the energy of the mipolarizcd radiation 
Ginitted is, by • 

t , s . da , dQ , dv . 2e„. 

On the other hand the radiation that enters Lhe volume 
element through its base da is, by (290) and (294) ; 

t . da . dQ . 2/fy . dv 

and of this the f inaction a,. . 5 is absorbed in tlic distance s, 
by (300). If wo multiply the last expression by a,.i? 
and set this product equal to the expression given just 
above, we get as the condition of equilibrium ; 

n. = (301) 

That is, in the interior of a medium ivMcJi is in thermo- 
(hjncmvic equilibrium the specific intensity of radiation 
corresponding to each vibration number is equal to the 
quotient of the emissivity and the absorption coejpcwit of 
the medium for the frequency concerned. Since e,, and 
depend, in addition to the nature of the medium, only on 
T and v, the intensity of radiation of a definite colour in a 
definite medium is completely determined, in thermo- 
dynamic equilibrium, by the temperature. 

An exception occurs, however, when == 0, that is 
when the medium does not absorb the colour in question 
at all. Since Up cannot become infinitely great, it follows 
that in this case also = 0 ; that is, a medium emits no 
colour which it does not absorb. Further we see that 
when € and a vanish simultaneously the equation (301) 
is satisfied by every value of K. Hence in a medium of 
given temperature ivhich is diathermanous for a definite 
colour thermodynamic equilibrium can exist for any arbitrary 
intensity of radiation of this colour. 

Here Ave already have an example of the cases discussed 
aboA^'e, in Avhich for a gwen total energy of a system 
adiabatically enclosed seAmral states of equilibrium are 
possible corresponding to the different relative maxima of 
the entropy. For since the intensity of radiation of the 
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colour ill question in Ihermodynainic equilibriinn is quite 
independent of the temperature of the medium wliieh is 
cliathermanous for it, the given total energy may ho 
distributed quite arbitrarily over the radiation of that 
colour and the heat of the body without the equilibrium 
becoming impossible. Among all these distributions 
there must, however, be a jierfcctly definite one wlhcli 
corresponds to tlie alisolute maximum of tlio cntrojiy and 
which denotes absolutely stable equilibrium. This 
distribution, in contrast with the rest, which are in a 
certain sense unstable, has the xjroperty that it undergoes 
no appreciable change when subjected to a very small 
disturbance. "We shall actually see below (§ 105) that 
among the infinite number of values which the quotient 

- may assume when both the numerator and the de- 

nominator vanish, there is ono special value which depends 
in a definite way on the nature of the modiiim, the 
frequency v and the temperature. This ]iarLicular value' 
is to bo called the stable intensity of radiation at the 
temperature in question in the medium which is dia- 
thermanous for the frequencj?- v. 

What has been stated for a medium whioli is diather- 
manous for a definite frequency holds equally well for an 
absolute vacuum, as this is diathermanous for all colours, 
except that in this case we cannot speak of the heat of 
the body or of the temperature of the medium. For the 
present, however, we shall not deal with the special case 
of diathermancy at all but shall assume that the medium 
has a finite absorption coefficient. 

\ § 101. All the theorems so far deduced apply to only 

such parts of the medium as are at a very great distance 
from the surface, since it is only for them that we may 
immediately assume the radiation to be independent of 
position and direction. But a simple reflection shows that 
the value for calculated in (301) is also valid right up 
to the surface of the medium. For in thermodynamic 
equilibrium every beam of rays must have exactly the 
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t^aiue inteusiiy as tlie exactly opposite Ijeain ; otherwise 


a one-sided transport of energy would be brouglit al^out 
by the radiation. If therefore we fix our attention on a 
beam coming from tlie surface of the jnedium. it must 


have the same intensity as the exactly opiDosite beam 


coming from the interior. Hence it follows immediately 
that the lohoh state of radiation of the mediim at the surface 
is the same as in the interior. 


But although the radiation which starts from an clement 
of the surface and is directed towards the interior of the 


medium is in every way the same as the radiation whi(di is 
propagating itself at great distances from the surface, it 
nevertheless has a different history. For since the surface 
has been assumed to be opaque to heat rays, it can only 
have arisen owing to radiation which has come from the 
interior and Leon reflected at the surface . This can occur in 


many different ways according to whctlier the surface is 
assumed to bo smootli, in tliis case mirror-likc, or rough, 
say white. In the former case there corresponds to every 
beam of rays incident on the surface a perfectly dchnite 
reflected beam which is situated symmetrically with 
respect to it and has the same intensity. In the second 
case, however, each incident beam splits up into an 
infinite number of reflected beams of clifiereiit intensity, 
direction and polarization, but always in such a way that 
the beams which come from all directions with the same 


intensity Ky when reflected by the surface again produce 
as a whole a uniform radiation of the same intensity 


which propagates itself towards the interior. 

Notlimg now stands in the way of revoking the assuinp- 
tion made in § 100 that the medium in question must be 
of very great extent in all directions. For by the .result 
just obtained the thermodjmamic ecpilibriiun of an 
infinitely extended medium is in no wise disturbed if we 
imagine any number of fixed surfaces, smooth or rough, 
which are impervious to heat to be placed in it. This 
divides the whole system up into an arbitrarily great 
number of completely closed systems, each of which can 
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be taken as small as we please. From this it folio \\*s that 
the value given for the specific intensity of radiation 
in (301) also holds for the thermodynamic equilibrium of 
a body of cmy size and form. 

§ 102. We shall now turn to the question of the equili- 
brium of radiation in a diathermanous medium, for wiiich 
equation (301) fails, since — 0 and = 0. The fact 
that a perfectly definite state of radiation also exists for 
such a medium at every temperature when there is thermo- 
dynamic equilibrium is shown by the following reasoning. 
We completely surround the medium with different kmds 
of fixed walls of any material w^hatsoever, which we choose 
so thick that no heat rays can penetrate through the walls 
either from the mside or from the outside; and we keep 
the walls at a definite uniform temperature. Then, on 
account of the consequent definite emission and absorption 
of the 'walls, a i:)erfectly definite stationary state of i*adia- 
tion will establish itself in the medium. This will corre- 
spond to the state of stable thermodynamic equilibrium 
and will be determined by the temperature alone, and so 
will be independent of the material of the walls. This 
reflection allows us not only to calculate the state of the 
radiation in the medium, but also to estabhsh a general 
relationship which must hold between the emission and 
the absorption of each individual wall in order that the 
radiation withm the medium may become independent 
of the material of the wall, For simplicity we shall 
assume the surfaces of all the difierent walls to be smooth. 

After thermodynamic equilibrium has been established 
we have by (290) and (204) the following expression for 
the energy of the unpolarized radiation lying withm the 
range denoted by the frequencies v and v -f- and which 
coming from the interior of the medium impinges in the 
time cU on the surface element ch of a 'wall within the 
elementary cone clQ at an angle 6 to the normal to the 
surface : 

2Ky . dv . da . cos Q ,dQ , dt — 2J„ . da . dt . (302) 

where Jv refers to a linearly polarized radiation. The 
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saitie amount of energy is radiated in the reverse direction 
back into the medium. The latter amount of energy is 
composed of the energy emitted by da and of that re- 
flected by da. The energy emitted will be of the form : 

2E^ .dv .da .00^ d .dQ .dt , . . (303) 

where the emissive power” of the material of the 
wall, signifies a definite finite q^uantity in general also 
dependent on the direction d. 

The reflected energy comes from the beam of raj^s of 
intensity Jv which lies symmetrically with respect to the 
normal to the surface and falls on da ; after reflection it 
becomes the beam in Cjuestion and has the energy ; 

Pp . 2Jv .da .dt (304) 

where p,, denotes the reflection coefficient of the wall for 
the dhection in question. 

If we set the sum of the expressions (303) and (304) 
equal to the expression (302) we get ; 


X Pp 

or, if we set : 

1 pp 

where tho “ absorbing power ” of the wall, denotes 
the fraction of the incident radiant energy that penetrates 
into the wall, we get : 

K„ = f (305) 

For different walls Ep and Ap are different, but their ratio 
is always equal to A',. This is Kmchhoff’s Law, which 
states that the ratio of the emissive j^oiver of a hod>y to its 
absorptive poiver is independent of its nature. 

From this we see that even for any diathermanous body 
there is a definite specific intensity of radiation A,, for each 
temperature when there is thermodynamic equilibrium; 
and Kp is obtained by dividing the emissive power of any 
substance which is in contact with the body by its absorj)- 
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tire Wc may also call this value of fi,, the true 

value of the f|iiotieiit (301) for = 0. The relation 
(305) of course also holds for the ease v’lierc the medium 
emits and absorbs to a finite degree. The method of 
proof follows exactly similar lines. 

Eor a black wall = 0 and A,, == 1, hence K^, = E,,. 
That is, the emissive power of a hlcich hody is independent of 
its nature and is equal to the stationary specific intensity of 
radiation in the contiguous medium. Hence this radiation 


is often shortly called “ black body radiation ’’ or black 


radiation.’’ Eurther, since < I, the emissive power of 


a. black body is always greater than that of any other 


body. 

§ 1 03. All the relations deduced in the preceding j)aragraph 
hold for a single definite medium traversed by the radiation. 
^But we can also generalize them so that they become 
applicable to arbitrary media and acquire a universal 
Icharacter. This is performed by bringing into contact 
two different media, saj’’ air and glass, which are traversed 
by radiation, and investigating the stationary state which 
corresponds to thermodynamic equilibrium. Since the 
equilibrium is in no way disturbed if we imagine the plane 
of separation of the two media to be replaced by a surface 
which is impervious to heat radiation, all the results of 
§ 101 apply. Let the specific intensity of the linearly 
polarized radiation of frequency v in the interior of the 
first medium (air, in Eig. 7 on the left) be Jf,,, and that in 
the interior of the second medium (glass, on the right of 
Eig. 7) be called K\] we shall denote all quantities re- 
ferring to the second medium by a dash, as in the case of 
li\„ Both quantities and l)esides de2)ending on 
the temperature and the frecpiency, depend only on the 
nature of the two media. Moi^eover, these values of the 
intensity of radiation hold right u]p to the bounding 
surface, quite independently of the nature of this surface. 

We next assume the bounding surface to be smooth and 
fix our attention on some monochromatic linearly polarized 
i^adiation. The energy of this i^adiation which is emitted 
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during the time cU by an infinitely smull element do at the 
point 0 of the bounding surface ivibhin the elementary 
cone dQ at an angle 6 with the normal to the surface is, 
in air (upwards towards the left in the Big,), by (302) ; 

I<v . dv . do , cos 6 ,dQ , dt . . (306) 

where : 

dQ ~ sin ddOdcjy (307) 

cffl 



Fja. 7. 


This energy is furnished by the two beams which, coming 
from the ah’ (on the left) and the glass (on the right), 
respectively, are reflected by the surface element da or 
are refracted. Tlio former beam travels along inside the 
symmetrically situated cone dQ, tlie latter inside the cone : 

dQ' - sin 0' dQ' d4' .... (308) 


the law of reCrnetion giving : 




( 309 ) 
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The contdhution of the former beam to the energy is, by 
(306) : 

,dv ,d(y .coii 6 .clQ ,dt . . . (310) 

where pp again denotes the reflection coefficient for the 
radiation in question from glass in air. On the other 
hand the contrilnition of the latter beam of radiation to 
the energy is : 

(1 -- p\) . /r, .dv.ch.oosd' .clQ' ,dt . (311) 

where p\, denotes the reflection coefficient and hence 
1 -- p'p the transmission coefficient for glass in air. 

If we add the last two expressions together and set the 
sum equal to the expression (306), we get : 

p, . Kp . cos 9 aIQ + (1 — p'p ) . K'p cos 6' dQ' = Kp cos 6 , dQ 

Now, by 309 : 

cos 9 .dd __ cos 9' . d9^ 
q q' 

and if (307) and (308) are taken into account ; 

ci^3'cos0' dQ.QQ^9 




Consequently : 


or : 




1 


In this equation the quantity on the left is independent 
of the angle of incidence 6 and of the nature of the polariza- 
tion ; consequently so is the expression on the right-hand 
side. Hence if we know its value for a single angle of 
incidence and a definite azimuth of the polarization this 
value holds good for all angles of incidence and all 
directions of polarization. Now in the special case when 
the rays vibrate in the plane of incidence and fall on the 
Imimdiiig surface at the angle of ])olarization ^ve have 
0 and pp — 0 (IV, § 9a). The expression on the 
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right then becomes equal to 1. Hence it is in general 
equal to 1, and we always have : 

(312) 

and : 

(313) 

The first of these two relations, which states that the 
refiection coefficient of the bounding surface is the same 
towards both sides, expresses for a special case a general 
law of reciprocity which ^vas first proved by Helmholtz ; 
it states that the loss of intensity which a ray of definite 
colour and polarization experiences in its passage through 
any media owing to reflection, refraction and absorption is 
exactly equal to the loss of intensity which a ray corre- 
spondingly constituted experiences when travelling in the 
exactly opposite direction. From this it follows dhectly 
that the boundary surface of two media is equally trans- 
parent in both directions and reflects equally well on both 
sides for every colour, direction and kind of polarization. 

The second relation, (313), brings into relationship the 
intensities of the black body radiation in the two media. 
It states that in thermodynamic equilibrium the specific 
intensities of radiation of a definite frequency in the two 
media are inversely proportional to the squares of the 
velocities of propagation or directly proportional to the 
squares of the indices of refraction. 

If wc substitute the value for Ky from (301), ’we may also 
say, the quantity : 

cfIi. = q^'^ = F{v,T) . . . (314) 

does not deqoend on the nature of the medmm ; lienee it is a 
universal function of the temperature T and the frequency v. 
To find this universal function F is the fundamental 
problem of the theory of heat radiation, In view of 
(297) wc may also formulate this theorem as follows : 
the quantity ; 

u/f . 


(316) 
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is, for thermodynamic ecpilibrium, identically the same 
function of the temperature T and the frecpiency v for all 
substances. Or, since q — Av, "we may say that in the case 
of black body radiation the energy contained in a cube 
whose length of side is the wave-length A, namely ; 

(31G) 

is the same for all bodies. 

§ 104. The laws deduced in the preceding pages also 
enable us to measure the emissive power of a black body 
in spite of the fact that absolutely black bodies do not 
exist in nature (§ 99). We form a diathermanous cavity 
bounded by walls wdneh emit more or less strongly and 
are kept at a certain constant temperature T. Then, 
when thermodynamic equilibrium has been established, 
the radiation in the cavity acquires for each frequency the 
intensity Kv which is conditioned bj^ the velocity of 
propagation q in the medium, as given by the universal 
function (314). If we now make a hole of size da in one 
of the walls, so small that the intensit}^ of the radiation 
directed from the interior towards the hole is not changed, 
then radiation will pass through the hole to the outside 
where w'e may assume the same diathermanous medium 
to exist as in the interior, and this radiation will have 
exactly the same properties as if da were the surfeace of 
a black body of temperature T. 

There is only one, medium which is diathermanous for 
all kinds of rays; that is an absolute vacuum, which, 
however, can be produced only aiDjiroximately in nature. 
Yet many gases, for example atmospheric am, if not too 
dense, have very approximately the optical properties of a 
perfect vacuum. Hence in the sequel we shall as a rule 
write in place of q the value of the velocity of light c in a 
vacuum. 

§ 105. As we have already seen in § 100 any arbitrary 
state of radiation can bo stationary from the very outset 
in a perfect vacuum enclosed b 3 ^ totally reflecting walls. 
.Blit as soon as one of the walls or even an arbitrarily small 
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' part of a wall manifests even the slightest emissive or 
absorptive power for a colour, or as soon as we introduce 
into the cavity space even the smallest quantity of any 
substance which absorbs or emits rays of some colour, then 
in the course of time a stationary state of radiation will 
establish itself in the whole cavity ; this state will be such 
that the radiation of the colour in question will have the 
intensity Kv which is determined by the universal function 
(314) and which corresponds to the temperature of the 
part of the wall in question or of the substance introduced. 
If this substance is completely diatliermanous for no 
colour at all, for example, a piece of charcoal, then in the 
stationary state the intensity of all colours will be 
namely that corresponding to black body radiation at the 
temperature of the substance. Regarded as a function 
of V the quantity gives the spectral distribution of black 
body radiation in mono or the so-called normal energy 
spectrum. In the normal spectrum, since it is the emission 
spectrum of a black body, the intensity of radiation for 
any colour is the greatest that a body can emit at the 
temperature in question. By determining the normal 
energy spectrum we immediately arrive at the universal 
function (314). 

Thus we can transform any radiation contained in an 
evacuated cavity enclosed by totally reflecting walls into 
black body radiation by simply introducing a tiny speck 
of charcoal. A characteristic feature of this process is 
that the ‘‘body boat’’ of the speck of charcoal can be 
arbitrarily small compared with the energy of radiation 
that is present in the cavity, for this may be assumed to 
bo as large as wo please; hence in this case the total 
radiant energy remains essentially constant even when the 
transformation to black body radiation is occurring, since 
the changes in the contained heat of the charcoal particle 
do not come into consideration even for finite changes of 
temperature of the particle. The particle then merely 
pla 3 ^s the part of a releasing agent; by absorption and 
emission it gives the iinpulse to the process of give and 
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take wliich clianges the intensities of the beams of radiation 
of different frequencies, differently polarized and travelling 
in difierent directions in the original radiation; this 
corresponds to the transition of the system from a less 
stable to a more stable state, or from a state of smaller 
to a state of greater energy. From the thermodjmamic 
point of view this process is fuUy analogous to the change 
which a tiny spark produces in a quantity of electrolytic 
gas (Hg and Og) or a tiny drop of liquid produces in a 
quantity of super-saturated vapour or, again, that a 
catalyser produces in a mixture which has a slow rate of 
reaction. For the time of the transformation does not 
count : all that matters is that the manner and the 
magnitude of the disturbance should be exceedingly small 
so that they can he entirely neglected in comparison vith 
the quantity of the energies transformed as well as with the 
increase of entropy of the system. In the case of heat 
radiation the essential feature of the particle of charcoal 
is its function as an indicator of temperature, for without 
it we should have no means of defining a temperature. 
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PRESSURE OE RADIATION. THE STEPAN- 

boltzj\'IANn law 

§ 106 . The next step towards finding the universal 
function (316) consists in applying the two fundamental 
laws of thermodynamics to black body radiation in a 
vaouiim of variable volume. Eor this system can be 
treated according to exactly the same methods as a 
material body, say a gas, because the validity of the two 
laws is independent of the nature of the system under 
consideration. To make the calculation fruitful we must 
above all know the mechanical force which the radiation 
exerts on a wall with which it is in communication ; just 
as we must Imow the equation of state of a gas if we wish 
to apply the two fundamental laws to gases. Let us then 
first consider the mechanical pressure which any plane 
electromagnetic wave in vacuo exerts on a black body 
on whose surface it impinges at an angle 0. Eor this 
purpose we may use the formulae III (230) which give the 
mechanical pressure exerted by an electromagnetic field. 
Actually these formulae were there deduced only for the 
case of an electrostatic field, but they also apply more 
generally, because the derivation of the pressure involved 
only the momentary state of the field and not its variation 
Mth the time. If we choose the inward normal of the 
surface of the body as our positive f-axis, as in IV, § 6, 
Kg. 1, the pressure in the direction of the normal, wdiich 
alone comes into question, is, by the above-mentioned 
formulae : 

i) = - ^ (2ji!/ = — {El? + E? - El^ • (317) 
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The expiessions for are given in IV, § 6, and 

we imist note here that since the body is black there is an 
incident but no reflected wave, so that we now have : 

Et — Ex GOQ 6 — Ey sin 8 — — / . sin 6 
En = Ex sin 0 + JSy cos 0 = / . cos 0 


where / and g denote the wave-functions of the wave- 
components that vibrate in directions parallel and 
perpendicular to the plane of incidence. Substitution 
in (317) gives : 

P = (/" ^ -r -p siu2 0) . (3igj 

The mean values indicated by the bars must be taken 
because the radiation pressure, like the radiation energy, 
is defliied only for a time which is great compared with that 
of a vibration (§ 94). 

In addition to the pressure of the electric field we have 
also the pressure of the magnetic field which is given by 
the analogous formulae III (239), thus : 

2 ? = — W + - Jif) 

with the corresponding values : 

IE — Hx cos 9 — Ily sin 0 = fy sin 0 
JI^ ^ Hz sin 0 + Hy cos 0 = — 0 cos 0 

This gives : 

p = ^ (g^ cos- 0 - 1 - p sin^ 0 ) 

Adding this to (318) we get as the total pressure of the 
wave in question on the black body : 

2> = ^ (p + cos2 0 , . . (319) 

For an unpolarized -wave \ve havep= 0 ® . 

f = cos2 0 


(320) 
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"We shall now bring the pressure into relationship with the 
radiation that falls on the surface element ch of the body, 
firstly for the case of a monochromatic beam. By IV 
(11), for an unpolarized plane wave in vacuo the energy 
radiated in the time dt on to a cross-section F perpendicular 
to the direction of the ray is in general : 


that is, since F = du , cos the radiant energy incident 
on the surface element da is : 

^ P cos d , da. dt, 

Wc set this amount of energy equal to the energy given in 
(302) for an incident monochromatic beam. Then from 
(320) Ave get : 

p ^ (321) 


for the pressure of unpolarized monochromatic radiation 
incident on a black body at an angle 6. 

If the body is a 2Dorf ect reflector there must be added to 
the incident wave the reflected wave, whose intensity and 
energy, when added to the first, double the pressure : 


V 


4/,, cos Q 

.. • 

c 



§ 107. From this Ave noAA^ calculate the pressure AA^hich 
any arbitrarj^ radiation incident uniformly in all directions 
exerts on a j^erfectly reflecting surface. By integrating 
(322) oAmr all directions and all frequencies, that is, by 
substituting the value of J from (302), we get : 



/ . cos^ 0 . dQ dv 


and smee dQ — sin 9 dd dej) aa^o get by using (294) and inte- 
grating with resjpect to cj> from 0 to 277 and AAuth resjoect to 

' from 0 to ^ : 


3c 


( 323 ) 
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or, if instead of K we introduce the spatial density of 
radiation u from (292) : 

“ (324) 

Tliis value the radiation pressure at 23resent holds onlj^ 
for a perfect^ reflecting wall. But it is easy for us to 
convince ourselves that it always holds if the radiation 
which leaves the wall is the same as the incident radiation ; 
that is, if it makes no difference whether the radiation is 
reflected by the wall or emitted by it. For if we imagine 
a cavity space filled with black body radiation and com- 
pletely surrounded by any walls at a uniform temper- 
ature but free to move as a whole, then it is not only hi 
thermod}mamic equilibrium but also in mechanical 
equilibrium, as otherwise we should bo deriving mechanical 
energy from heat without comj^ensation, ivhich is contrary 
to the second law. From this it follows that the pressure 
of radiation is the same on all the enclosing walls no 
matter whether they are good or had reflectoi's, so long 
as the radiation occurs uniformly in all directions. 

§ 108. Let us next imagine an evacuated enclosure 
filled with black body radiation but of variable volume, say 
in the form of a cylinder with a perfect^ fitting freely 
movable piston . For the radiation to remain continuously 
black during the changes of state which are to be effected, 
it is sufficient to assume any part of the enclosing wall, 
say the bottom of the cylinder, as emitting and, further, 
to allo-w the changes to take place infinitely slowly so 
that the changes in the direction of motion of tke piston 
may take long enough to let the radiation get steady again. 
The energy density u of the black body radiation is then 
determined by the temperature T of the emitting wall. 
This is a system whose state depends on two variables, 
namely the volume V and the temperature T\ ib can be 
subjected to any arbitrary reversible changes. The 
system has the enei’gy F.w which depends on the 
temperature and which, on account of the radiation 
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pressure can be used to perform mechanical work. 
Hence the condition (82) of the second law must be 
obeyed : 

clUi-pdV 

■“ .... (325) 


This states that the entropy of cavity radiation depends 
only on the momentary state in ciuestion, that is on V 
and T. 

Since the quantities U, F, /S are all properties of the 
state of radiation, so also is T\ that is, black body 
radiation also has a definite temperature, namely the 
temperature of the enclosing wall with which its exchange 
of heat is stationary. 

To introduce the two independent differentials clT and 
dV in the differential expression (325) we set, since u 
depends only on T : 

dU^d{V.n) = v'^dT + ndV 


and, in view of (324), obtain : 




From this, we get : 

fdS\ _ 7 clu , __ iu 

\dT/v “ TdT W/t " W 


If wo differentiate the first equation partially with respect 
to F, the second partially with respect to T, we get : 

du _ 4iU 

dT “ ¥ 

which, integrated, leads to : 

ii = aT^ (326) 

By (292) the specific intensity of the black radiation is : 
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Consec[uently the total emission from unit surfcacc of a 
black body is in unit time, by (201) : 

(328) 

Also, the 2 )ressure of bJack radiation is : 

■ (320) 

and the total energy of radiation : 

U - (lT^ . F (380) 

This is the Stefan-Boltzmann law of black radiation. 

The value of the constant a in (328) is, according to the 
best measurements hitherto made : ■ 

(ZG 

ff == “ = 0‘7o. 10'^ erg/cm.“ sec. degree^ (331) 

The value of the entropy S of the blade radiation, which is 
obtained by integrating the differential equation (325), 
is : 


(332) 

if when T— 0 and 17= 0 w-e also assume 0. From 
this it folIoAvs that the entropy per unit volume or the 
spatial entropy density of black radiation is : 

8 4 

= s = g (333) 

§ 109. If while the cavity is being increased in volume 
the temperature of the enclosing walls is kept constant, 
the process takes place isothermally. Then, besides T, 
also w, p and s remain constant. Consequently the total 
energy of the radiation increases from U= F . w to 
U' = V' . u, the entropy increases from S = F . 5 to 
S' = V' , 5, and we get for the heat Q that is to be taken 
up from outside, by integrating (49), Iceeping T constant : 
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We observe that the heat taken up from outside exceeds 
the amount by which the energy of radiation increases, 
Z7, by the fraction I {U' - U). This additional 
amount of heat is necessary to perform the external work 
involved in reversibly enlarging the volume of the 
radiation. 

Let us also consider an adiabatic process. For this 
purpose it is necessary to assume that the Avhole enclosing 
wall of the cavity is either a perfectly reflecting mirror or, 
better still, is perfectly white. The heat taken up from 
outside during the volume change is then Q = 0, and the 
energy of the radiation changes only by the amount of 
external work done, p.dV, To be certain, however, 
that the radiation actually remains black during a finite 
adiabatic process, that is, that it retains its normal distribu- 
tion of energy even when the energy density is changed, wo 
j shall further assume that a very small particle of charcoal 
is present in the cavity. This little body, which we may 
assume to have a finite absorptive power for every Idnd 
of ray, serves the sole purpose of bringing about the 
stable state of radiation (§ 105) and so guarantees the 
reversibility of the process, while its contained heat may 
bo assumed to be vanishingly small compared with the 
energy of radiation U. The radiation is then at every 
instant equal to that of the charcoal particle. 

During the reversible adiabatic change in question the 
entropy 8 of the system remains constant, and so by (332) : 

^3 . F - const. 

or by (329) : 

p . V'^ = const. 

That is, during adiabatic compression the temperature 
and the pressure of the radiation increase in a manner 
definitely specified. The energy U changes during the 
same process according to the law : 

U 3 
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That is, it increases proportionally to the temperature T 
although the volume becomes smaller. 

Finally let us consider the simple case of an irreversible 
process. Let the cavity of volume 7, surrounded by 
perfectly reflecting walls, be uniformly filled with black 
body radiation. Now let us make an opening at some 
point in the walls, by opening a tap, through which 
the radiation can enter into an evacuated space of larger 
dimensions and also enclosed by perfectly reflecting rigid 
walls. After a time the radiation -will again become 
uniformly distributed over all directions and will uniformly 
fill the connected cavities, whose combined volume is 
V\ say. Let us assume a charcoal j)article present to 
ensure that all conditions for black radiation are also 
fulfilled in the new state. Since neither external work nor 
transference of heat from outside comes into question, we 
have by the first law of thermodynamics that U' = L, 
and hence by (330) : 


or : 

_ V 
T 


which defines the new state of equilibrium. Since 
V' > F, the temperature of the radiation becomes 
low^ered by the process. 

According to the second law the entropy of the system 
must have increased. By (332) we actually have : 


S “ TW 



(334) 


If radiation of volume V is expanded adiabatically 
and irreversibly to the volume V' as above described 
but with no charcoal particle present, then after the state 
of radiation has become uniform in all directions in the 
new volume F' the radiation will no longer have the 
character of black radiation and so will have no definite 
temperature. But nevertheless the radiation, as indeed 
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every physical system in a definite state, will have a 
definite entropy which, by the second law, will be greater 
than the initial entropy S, but not so great as that, S\ 
expressed in (334). We shall show how it is calculated 
in the next chapter. If we subsequently introduce a 
charcoal iDarticle into the vacuum, the absolutely stable 
state of equilibrium of the radiation will establish itself 
by means of a second irreversible process, the energy 
assuming the normal energy distribution for constant 
total energy U and constant total volume 7^ while the 
entropy attains its maximum value S' given by (334). 



CHAPTER IV 


ENTROPY AND TEMPERATURE OE A BEAM 
OE RADIATION. WIEN’S DISPLACEMENT 

LAW 

§ 110. The Stefan-Boltzmann Law deals with the total 
energy of stationary ca-vdty radiation, but it give.s no 
information about the spectral distribution, that is, 
about the form of the universal function (314). To find 
this we must make use of the theorem that the normal 
distribution of energy is the most stable of all possible 
energy distributions; in other words, it is that which 
makes the entropy of the radiation for given total energy 
and given volume a maximum. This theorem becomes 
fruitful only if the entropy of a radiation having any 
arbitrary distribution is known. Hence the solution 
ultimately depends on finding the entropy of any arbitrarily 
given radiation. 

Now every radiation consists of a system of individual 
beams of rays of different direction, colour and polariza- 
tion, which act quite independently of one another. Hence 
the entropy of the radiation is composed by adding 
together the entropies of all these individual beams. 
Each beam of definite intensity and frequency has a 
definite entropy which it carries along with it. Hence 
we can speak of an entropy radiation just as weU as of an 
energy radiation, and this entropy radiation will propagate 
itself according to the laws of geometric optics. Corre- 
sponding to the specific intensity ll, of the energy of a 
monochromatic linearly polarized beam there is the 
specific intensity of the entropy of this beam, where L, 

is a definite function of K and v ; and corresponding to 
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tlie eiiergj' of the beam which is incident on, or emitted by, 
a surface element da (§ 102) during the time dt : 

Kydv . da. cos 6 . dQ .dt = .da .dt . . (335) 

there is the entropy : 

L, . dv . da .oos 6 .dQ . dt = H^a .dt . . (336) 

which is simultaneously incident on, or emitted by, the 
surface element. 

Similarly, just as we speak of the spatial onergy-densitv 
of unpolarized radiation uniformly distributed in direction 
(296) and (297) ; 



so we can speak of the spatial entropy density of this 
radiation : 

r 

dv (338) 

for which the spectral distribution of the energy can be 
quite arbitrary. 

If we now assume the dependence of the function 
on K and v as known, then the law of normal energy 
distribution comes out as follows. 

We consider unpolarized cavity radiation which is 
uniform in all directions, has volume V and energy U = V.u, 
and has any spectral distribution of energy whatsoever. 
Then the normal distribution of energy is that which makes 
the cntrojoy of the radiation 8= F. 5 a maximum for 
a constant F and constant U, By (338) the condition 
for this is : 



since v is not subject to variation (Sv= 0). On the other 
hand, since 8C7 — 0, we have by (337) also : 

lUlv— f ^Kclv = 0 


00 



208 THEORY OF HEAT 


wliereas SA is otherwise quite arbitraiy. The last two 
equations can exist simultaneously only if ~ is inde- 
pendent of V and lienee can be placed outside tlie integral 
sign 

The equation : 

const (339) 


is therefore the necessary and sufficient condition that the 
entropy should be a maximum, that is, for the normal 
energy distribution. The physical significance of the 
constants in (339) is obtained by considering the de- 
pendence of the maximum values of the entropy 8 on 
the energy U, For when the volume is constant (SF = 0) 
we have in general : 


and hence also 



and by (338) and (337), in view 


of (339) : 


dl^_ ]_ 
dK ~ T 


(340) 


Since is assumed to be a known function of K and v 
this equation gives us the energy distribution of black 
body radiation at the temperature T, and hence also the 
miiversal function (314). Thus Ihe central problem of the 
theory of heat radiation is reduced to the problem of represeyit- 
ing the entropy of a linearly polarized beam of monochro- 
matic radiation as a function of ihe energy and the frequency. 

This is the actual path that was followed in originally 
solving the problem and wo shall do the same here. 

The equation (340) compels us to ascribe to every single 
beam of radiation in addition to its entropy a definite 
temperature T defined by this very equation . The 
temperature of a beam of radiation is the temperature of a 
black body which emits the beam in question, and the 
normal energy distribution is distinguished from all other 
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oiiorg}^ distributions in that all iis beams have the same 
temperature. 

The necessity of introducing a radiation temperature as 
well as a body temperature has also made itself increasingly 
felt in experimental physics. Thus, since a considerable 
time ago it has been found useful to speaks not only of the 
actual temperature of a body but also of an efi-ective 
temperature or a '' black body ” temperature of the body, 
that is, of that temperature which the body would need to 
have if it were black in order to send out the radiation 
which it actually emits. The “ black-body ” temperature 
of a body is no other than the actual temperature 
of the rays emitted by it. Consequently in general a 
body has an infinite number of black-body temperatures, 
namely, a different one for each direction, colour and 
polarization. The black body temperature is always 
lower thaji the actual tmni^ei'ature of the hody, because the 
intensity of a beam emitted by the body is always less 
than that of a beam emitted by a black body. 

§ 111. To find out how the entropy of a beam of radia- 
tion depends on its energy and its frequency we use the 
same method which served earlier, in § 70, for calculating 
the entropy of a gas mixture. We carry out a reversible 
adiabatic process ■with our system, which is here a linearly 
polarized monochromatic beam. Erom the second law 
we then Imow that the entropy of the beam does not 
change. Now, if we can arrange the process in such a way 
that the energy and the frequency change in a loiown way, 
we can deduce from this how the entropy of the beam must 
depend on the energy and the frequency in order that it 
may remain constant during these changes. 

A suitable reversible adiabatic process with the desired 
properties j)rescnts itself to us in the reflection of a beam 
of radiation from a moving mirror. For, firstly, this 
process, like all purely mechanical and electrodynamic 
processes, is reversible (§ 39) and, secondly, the frequency 
and the energy of the beam are changed by it in a manner 
which can be specified. Moreover, the velocity of the 
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mirror may be assumed as great as we please. It is 
sufficient, howeyer, and serves to simplify the calculation, 
if we assume it to bo very small compared with c, the 
velocity of light. 

Let us first calculate the change in the frec[uency v 
caused by the reflection. If we again use the notation 
and Fig. 1 of IV, § 6, then in the wave function of the 
incident monochromatic wave the argument is identical 
with the phase : 

^oo^id ^ 7] sin 6 

j 

c 

In the same way the argument in the wave-function of 
the reflected wave is the phase : 

0 / \ 0 ' ^ “ f cos + 7} sin 

27rV j = ^7TU t — 

G. 

if here, in contradistinction to our earlier usage {loo. cit.), 
we now take 6' to stand for the acute angle of reflection. 

Since the electric intensity of field must always vanish 
everywhere at the reflecting surface, which we may imagine 
as the bounding surface of an absolute conductor (III, 
§ 92), the electric intensities of both waves must be equal 
and opposite at all points of this surface and at all times, 
that is, for all values of rj and t ; this is possible only if the 
coefficients of rj and t are identical in the arguments of the 
two wave-functions. If we take the velocity v positive 
and assume that the mirror moves ioioards the incident 
radiation (to the left), then in the notation there used we 
have for the reflecting surface : 

^ ™ const. 

and the two arguments assume the values : 

. and 
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By identifying the coefficients of t and tj we get; since we 
have assumed ^ < c : 


, 2^;cos0^ 


V and : 


V sin 6' ~ V sin 9 

Consequently, also ; 

‘Of • of 1 2vco^d\ 
6 = smt/^1 j 

and : 

cos 6' — cos 6 -I- ~ sin^ 6 . 

c 


(341) 

(342) 

(343) 

(344) 


We next enquire into the specific intensity K' of the 
reflected beam and calculate it by applying the fii’st law. 
Since work is done in moving the mirror against the 
pressure of the radiation, the energy which is emitted mto 
the vacuum by the mirror during the time clt is greater 
than the energy of radiation that falls on the mirror in the 
same time dt by the amount of the work simultaneously 
performed. The latter is calculated from (335) for a 
monochromatic linearly polarized beam vdthin the 
elementary cone dQ, referred to the element of area da 
of the mirror. But this expression holds only for a mirror 
at rest. When the mirror moves towards the incident 
radiation, it receives still more energy ; and the additional 
amount is that contained in the space swept out in the 
time dt by the surface element da^ which we may assume 
arbitrarily great. The size of this space is da . vdt, and, 
by (291) and (298) the spatial energy-density of the 
monochromatic linearly polarized radiation in it is : 


ii, = :^K.dQ (345) 

c 

Hence the additional amount of energy taken up by the 
miiTor is : 


1 

■KdQdv .da ,v . dt 
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and the total energy incident on the mirror in the time 
dt is : 

J^dadt + - ,dv,d(j,v,dt 

G 


li , dv . dQ . da ^ dt[GO& 9 -h 2 


In a fully analogous way we can derive the following 
expression for the energy reflected into the vacuum by the 
mirror in the time dt for the case where the mirror moves 
in the direction of the reflected radiation and consequently 
causes less energy to be received than when it is at rest ; 


K' .dv\dQ\ da, dt[cos 9' - - (347) 

c 


On the other hand, the work performed against the 
radiation by the min-or in the time dt is : 


v .dt .da ,p 


(348) 


In this expression the pressure of radiation p is composed 
of the pressures of the incident and the reflected linearly 
polarized beams. Hence by (321) : 



Jy cos 6 


cos 9' 



Here we may, without introducing an appreciable error, 
use for and JV the formula (335) for a surface at rest, 
because the correction to be applied to the work term 
(348) owing to the motion of the mirror, as expressed in 
the factor -y, would be of lower order of magnitude than the 
first. We may even treat the two summands of (349) as 
equally great, but we refrain from this in order to maintain 
the symmetry between the incident and the reflected 
radiation, 

If, according to the first law, we set the difference of the 
expressions (347) and (346) equal to the expression (348), 
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inserting the value for the pressure from (349), we get the 
equation : 

K'clv'dQ' (gos 0 ' — — KdvdQ ^oos 0 + = 

^ {Jv cos 0 + J'/ cos 0^) 
c 


or, substituting the values of J„ and JV from (336) : 


K'dv'dQ' (cos 6' --~-cos^- 

= 1 

jrd!y^^3(cos 0 


(350) 


This equation gives the desired relationship between the 
specific intensities K' and K of the refiected and the 
incident radiation. To evaluate it wo must introduce the 
relations worked out above between the frequencies and 
the directions of the two beams. As regards the ratio of 
the difierential expressions : 

ch'dQ' _dv' . sin 0^ - dd' 
dvdQ dv . sin 0 . fZ0 

we must bear in mind that v and 0 are independent of one 
another, so that this ratio is expressed by the functional 
determinant of the transformation : 

sin 6' dv 90 sin. 6' f^v'\ 

sin 0 \dv/o' 

dv 90 

since, by (343), ^ = fi- 

If we use the relations (341) and (343) this gives us the 
desired value : 


dv'dQ' 

dvdQ 


2v 
— c 
c 


( 351 ) 
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Furtherj by (344) and (341) we have ; 


= 1 - -- cos = . . (352) I 

COS 0 -j r ~ COS2 d 

G G 

Hence equation (350) runs : 

K 

or; 

K 

.73 (353) 

That is, lolien a monoclimaatic beam oj radiation is nflectecl 

iv the specrhe intensity of the energy 
)roportio7i he cube of the 

to calcuh specific intei 

the reflected beam. 


prece 

(350) 

the second law : 

LWdQ'icos ff 

" = 1 . (35i) ! 


Consequently, since by (344) and (341) : 


cos 0' - - 

c . 2u . V 
— = 1 cos 0 == 


cos 6 + 


V 


n 



we get ; 
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", (335) 

IJ * 

That is, ivlien a monooliromatio hecm of radiation is refldciecl 
l)y a moving mirror the specific intensity of the entropy 
radiation increases proportionally to the square of the 
frequency > 

§ 112. The above results enable us to follow out the 
train of ideas described in § 111. We know that Jt is a 
perfectly definite function of the independent variables 
K and v and we knoAV further that for refiection at a plane 

mhror ^ and also ^ remain invariant. Hence it necessarily 

L K 

follows that the quantity can depend only on -g and not 

on a second variable, such as v ; for in that case ^ would 

have to change during the reflection, since v changes. 
Hence we have : 

(356) 

where / denotes a certain function of a single argument. 
The equation (356) expresses Wien's Displacement Law. 
Its importance lies in the fact that it reduces the function 
L which is dependent on two variables to a function 
of a single variable. 

Wien’s Displacement Law may be formulated in many 
different -ways and is capable of being applied in corre- 
spondingly different ways which can in part be subjected 

to experimental tests. 

Firstly, it follows from (340) that : 

_l _ ar. ^ 1 , -Jifi) 
dii 

where the dot over f denotes differentiation with respect 
to the argument ; or, conversely, in terms of K ; 

.... ( 357 ) 
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where g again denotes a certain function of a single 
argument. 

All these equations hold for radiation in a vacuum. 
But we can immediately make them independent of the 
nature of the medium traversed by introducing the 
universal function (314). For if we substitute in the left- 
hand side of equation (314) the values that refer to a 
vacuum, we get for the expression of the universal function; 

F{v,T) =cV.(/ (358) 

Hence . g(^ is also a universal I’unctioii (jj oi v and T 

and we obtain, no matter what medium is traversed by 
the radiation : 

. (359) 

as the expression of Wien*s Displacement Law, which 
relates the specific intensity of the energy radiation to 
the frequency, temperature and velocity of propagation 
in any arbitrary medium. If we again choose a vacuum 
then the relation becomes : 



§ 113. In black body radiation all the beams have the 
same temperature 1\ and their intensities are independent 
of their direction. Then, by (297), the spatial energy- 
density of unpolarized monochromatic radiation in a 
vacuum is : 


and the total spatial energy-density is : 


u ™ 




Stt 


0 


(362) 
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m. ^ 

i 


If ^ve transform from the variahle v to the variable 



Xi the expression becomes : 


It = 



Since the integral here has a constant value, this equation 
represents the Stefan-Boltzmann law (326). 

The expressions (360) and (361) contain all that Wien’s 
Displacement Law has to say about the energy distribution 
in the normal spectrum. According to this it is only 
necessary to know the energy distribution for a single 
definite temperature T in order to be able to determine 
the dependence of the function ^ on its argument and 
hence also the energy distribution for every other temper- 
ature. Since and le, vanish both for v = 0 and v == x 
—in the latter case because the integral (362) has a 
finite value — these quantities have a maximum for a 
certain value of v, and so Wien’s law gives us information 
about the way in which the maximum depends on the 
temperature and also its magnitude. 

§ 114. In experimental physics it is usual to characterize 
monochromatic radiation not by the frequency v but by 

the wave-length A = - \vhicli is directly measurable. 

Similarly we set the specific intensity of radiation not 
equal to Kv but to E;. ; moreover E;, is not equal to Kv, 
but rather ; 


Ex • d\ — Kv ■ dv 



Hence by (360) : 



(363) 

(364) 


It is to be particularly noted that the maximum of Ex 
lies at a different point of the spectrum and has a different 
value from the maximum of I£v The maximum of Ex is 
obtained from the equation : 

iE 



218 


THEORY OE HEAT 


CHAI’. IV. 


or by (364) : 


oAT 


This equation gives a perfectly definite universal value for 

the argument so that in vaouo the following relation 

holds for the wave-length A»i of the maximum of the 
intensity of radiation E;, at the temperature T : 

= 6 (36.5) 

The numerical value of h has been measured, the result 
being : 

h = 0-290 [cm. degree] . . . (366) 

The value of the maximum of the radiation in the spectrum 
is obtained from (364) by vT?iting in it A= Xm. Then, 
on account of (365), we have : 

const. . . . . (367) 

xA.ll these consequences of Wien’s Displacement Law 
have been confirmed as accurately as we may well expect 
by many measurements. On the other hand this law 
leaves the important question of the dependence of the 
universal function on its argument entirely untouched. 
This is, as a matter of fact, a problem \vhich cannot be 
successfully dealt with by the classical theory and wdiich, 
on this account, has dealt it a fatal blow. Its solution 
can be found only by taking a fundamentally new step 
on the road to discovering the nature of entropy. 
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CHAPTER I 


THE IIACROSCOPIC AND THE JHCROSCOPIC 

VIEW 

FLUCTUATIONS 

§ 115. All our previous discussions have been founded 
on assumptions which we could regard as valid without 
restriction both as regards range and content, namely on 
the fundamental principles of mechanics and electro- 
dynamics as well as on the two principal laws of heat 
theory. This constitutes the strength but also the weak- 
ness of our deductions. Their strength consists in the 
fact that the theorems we have deduced hold in all cases 
with absolute accuracy, and their weakness is that these 
results for the most part are rather general in character 
and so leave a number of interesting special questions 
unanswered. Thus we were able to reduce the whole 
thermod3raainic behaviour of a substance to a single 
characteristic function {§ 64 to § 56) of the independent 
variables involved. But our discussion taught us nothing 
at all of the form of this function. The same holds of the 
laws of heat radiation (§114). 

Hence, if we wish to make progress in imravellmg the 

laws underlying thermal |)henomena, we must first fix 

our attention on the nature of the characteristic function 

by which all thermodynamic properties of the system 

arc conditioned, namely on the, nature of entropy. Our 

task will consist in endeavouring to grasp the significance 

of this quantity from the mechanical and the electro- 

dynamic point of view. That this is not a simple task is 

obvious. For the remarkable property of entropy in 

virtue of which it changes only uni-direction ally with the 
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time stands in opposition to all mechanical and electro- 
dynamic lawSj in which the sign of the time factor plays 
no part. We can make progress here only by introducing 
a special idea entirely new izi principle, an idea which was 
first introduced into science for a definite purpose and with 
conscious intention L. Boltzmann. 

A hint of the direction in which we have to strike out 
is furnished by the train of ideas used in deriving the 
second law. To give ourselves a clearer view we there 
(§ 30) assigned to every given state of a physical system 
a certain “ thermodynamic probability or a certain 
‘‘thermodynamic weight” in a certain sense, and we 
found quite generally (§47) that the entropy of the system 
is a measure of this thermodynamic probability. The 
question which we now iDropose to deal with is this : 
how is it possible to explain from the point of view of 
mechanics and electrodynamics that different states of a 
system have different thermodynamic weights ? 

An answer to this question is possible only hy first 
obtaining a closer insight into the nature of physical 
systems. To accomplish this it is necessary to introduce 
a higher order of refinement into our considerations. 
Hence, besides the point of view hitherto used, which was 
founded on thermal measurements and which we shall call 
the macroscopic view, we shall make use of a finer, micro- 
scopic, point of view of which we assume that it will force 
itself upon us whenever we wish to anatyse the physical 
system in question in far greater detail than has hitherto 
been done. In the macroscopic view the state of a system 
is determined by its temjDerature, its density, the number 
of moles of aU lands, the intensities of radiation in all 
directions, colours and states of x:)olarization. In the 
microscopic view all these quantities disappear as self- 
dependent concepts ; the only meaning they retain is that 
of quantities denoting certain mean values. The homo- 
geneity of a body resolves itself into an irregular hurly- 
burly of an immense number of extremely small electrically 
charged particles moving with great speed among 
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themselves ; in place of the moleSj whose weight is 
standardized by con vexation (§ 16), we now have perfectly 
definite molectiles\ in place of a heat ray of definite 
intensity we have an electromagnetic loave with an 
intensity which varies in a definite way with the time. 

The importance of the microscopic point of view, 
according to this, consists primarily in the fact that, by 
adopting it, we deprive heat entirely of its position as an 
independent concept and apparently reduce it to 
mechanical and electrodynamic concepts, or, as we may 
briefly say, to dynamic concepts. This signifies a funda- 
mental step forwards in unifying the physical picture of 
the world. Henceforth heat forms a part of dynamics, 
and so all the laws that hold in the latter will now also 
come into force for the former. 

§ 116. However revolutionary in principle the intro- 
duction of the dynamical or microscopic point of view may 
be hi the theory of heat, it seems at first sight to be of no 
practical advantage and doubts even arise as to ivhether 
it is permissible. 

If or in dynamics the course of every event in time is 
uniquely determined accoi’ding to well-known laws by the 
initial state of the system under consideration. That is 
the most that can be expected of any theory. But when 
applied to thermal phenomena this direct method fails 
completely for the micz'oscopic point of view because the 
initial state of a thermal system is never knovm in the 
mioroscopic sense. All that we can control, that is, 
measure, are onl}?' macroscopic quantities, and there are 
far too few of them to allow the corresponding microscopic 
quantities to be deduced. We can only say that for a 
particular value of a macroscopic quantity, for example, 
the density or the intensity of radiation, there is an 
enormous number of values of the corresponding micro- 
scopic quantities, namely the positions of the individual 
molecules or the field intensities of the electromagnetic 
waves which are compatible with the given value of the 
macroscopic quantity. Or, expressing this more shortly 
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and more general^, we may say that a definite macroscopic 
state of a S 3 ^stem admits of an enormous number of 
microscopic states. And, since the course of the event 
in time depends on the initial state, it will by no 
means be determined b}^ the macroscopic state, since 
very many different events may follow from a given 
macroscopic state. We might, therefore, easity be led to 
surmise that the progress ]:)roniised by the dynamic view is 
illusory. For apart from the fact that we can neither 
calculate nor experimentally control mici^oscopic events 
we are even compelled to expect that an initial state wliicli 
is defined macroseopically with absolute precision is not 
of necessity followed by another definite macroscopic 
event — and this is in striking contradiction to all our 
experimental knowledge. 

To arrive at definite and precise results in spite of the 
uncertainty mentioned we make use of the following 
expedient. We eliminate the uncertainty wliich is 
contained in the fact that a very great number of micro- 
scopic states belong to a given macroscopic state by 
allowing the event to be repeated very many times, 
namely, by starting out always from the same macro- 
scopic state of the system and investigating how the event 
takes place each time. We shall then obtain many 
different events, depending on the kind and the number of 
different microscopic states possible under the assumed 
conditions. But if we now form the mean of all these 
results we may hope to arrive at perfectly definite laws. 
These laws will then have only a statistical or probability 
character, but they can be formulated no less exactly 
than any other law of dynamics. A simple example of a 
statistical laws which claims to bo absolutely accurate, 
will illustrate this. If an ordinary die, symmetrically 
constructed as a cube, is throwai only once, the throw is 
fully indeterminate. But if we rex:)eat the throw 
sufficiently often and take the average by dividing the 
total number of points spots thrown bj^ tlie number 
of throws, we got tlie result 3*5 to any degree of accuracy. 
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We see that in this case too we are dealing with a strict 
law, but one of a totally different kind from those of 
dynamics. We may therefore call it a statistical law and 
contrast it with dynamical laws. Statistical laws deal 
]iot with individual cases but only with mean values. 
And whereas in the domain of the microscopic view, that 
is, in mechanics and electrodynamics, the dynamical laws 
hold sway, the macroscopic view and with it the wdiole 
theory of heat leads to statistical or probability laws. 
\Ve see immediately that the practical importance of 
these statistical laws must not be rated lower than that 
of dynamical laws if we consider that a physicist never 
performs an experiment once hut always repeats it 
several times and often a very great number of times. 

§ 117. By introducing the microscopic point of view we 
are enabled to answer the question as to the nature of 
entropy and to examine more closely the concept of 
thermodynamic probability. It does not, indeed, give us 
a clhect answer to the question ; for this we further require 
a si^ecial hypothesis. But it furnishes us with a frame 
within which such a hypothesis can find a place. For it 
now suggests itself to us very simply and naturally to 
bring the thermodynamic probability^ of a state which is 
defined by macroscopic thermal data into relationship 
with the number of microscopic states compatible with 
this state. In dynamics the concept of probability plays 
no part or, as we may say, all miorosco^io states are equally 
p'ohahle in dynamics. Since the probability of a result 
is given quite generally by the number of equally probable 
states that produce the result, it suggests itself to us to 
define the j)robability of a macroscopic state by means of 
the number of microscopic states that belong to it. In 
so-called classical theory the question as to wdiat is meant 
when we speak of a definite number of microscopic states 
as belonging to a definite macroscopic state can be 
answered in only a restricted and relative sense. For in 
classical theory the totality of microscopic states forms a 
continuum, a continuously extended manifold. 
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In view of this we shall iinniediately express the hypo- 
thesis in its most definite and most far-reaching form, a 
form which goes considerably beyond the classical theory 
and has shown itself to be superior in competition with it. 
It runs : the totality of microsco^no states forms a discrete 
manifold. Every macroscopic state of a physical system, 
comprises a perfectly definite number of microscopic states 
of the system^ and this number represents the thermodynamic 
probahility or tlie statistical loeight Q of the macroscopic 
state. It is a measure of the entropy S of the system in 
the coiTesponding macroscopic state, thus : 

S = f{G) (368) 

where / denotes a universal function of a single argument. 

One objection against this relationship suggests itself 
at once, namely that the entropy S is continuously 
variable whereas the statistical weight G, being a whole 
number, varies discontinuously. This difficulty can be 
overcome only by assuming G to be enormously great, 
so great that a change of one unit in G influences f to only 
a vanishingly small degree. This condition of course 
.^ndamentally limits the region in which the macroscopic 
thermodynamical point of view is ajpplicable. If the 
number of microscopic variables is so small that only a 
moderately large number results for the statistical weight 
Gy thermodynamics loses its meaning. But this agrees 
perfectly with what we found earlier, namely that wo can 
speak neither in the case of absolutely plane waves (§ 95) 
nor in that of absolutely monochromatic waves (§ 97) of 
a finite specific intensity of radiation nor, therefore, of a 
finite temperature of the radiation; no more than 'we 
can speak of a temperature or entropy when we have only 
a few molecules. We cannot, however, fix a definite 
minimum value for (7 or a definite limit within which the 
thermodynamic point of view ceases to hold. We can 
only say that the relations that follow from (368) hold the 
more accurately the greater the value of G. In all our 
future considerations we shall assume G to be sufficiently 
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great so that we can treat it as a continuously variable 
quantity. 

§ 118. The form of the universal function / in (368) 
comes out directly if we consider how, in the case of two 
mutually independent systems (1) and (2), the entropy on 
the one hand and the statistical weight of the total system 
(12) on the other are built up from the properties of the 
individual systems. For in the first place we have, by 
§47 : 

= Si-rS^ . . . . (369) 

Secondly, since every microscopic state of the one system 
can be combined with every microscopic state of the other 
system : 

Gi2 — . (t2 (370) 

If we now w-rite the relation (368) both for the total 
system (12) as well as for each of the separate systems (1 ) 
and (2), and substitute the values for and in 

(369), we get, talcing into account (370) : 

f{Gxa,)=f{Gx)+fm . . . (371) 

Differentiating with respect to we get : 


and differentiating, further, with respect to 

‘zh^iGz) = 0 
or : 


The general integral of this differential equation of the 
second order is : 


Hence, by (371 ) : 


f(G) - Ic log Q -I- k' 
¥ = 0 


and by (368) : 

S = Jc log (t . . • . (372) 

* 

which expresses the entropy quite generally in terms only 
of the statistical Aveight or the thermodynamic probability. 
The logarithmic relationship between entropy and 
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probability was first disclosed by L. Boltzinaiiii. But 
the equation (372) difiers in two essential points from that 
of Boltzmann. 

Firstly the universal factor k is missing in Boltzmann’s 
expression ; this is because Boltzmann never calculated 
with molecules but only with moles and it therefore never 
occurred to him to introduce such a factor. Secondly, 
and this is a much more significant point, in Boltzmann’s 
classical statistics a factor of proportionality remains 
completely indefinite in the value of the quantity here 
denoted by G : this causes the value of the entropy to 
contain an undetermined additive constant. For Boltz- 
mann regarded the counting up of the microscopic states 
belonging to a definite macroscopic state only as an 
arithmetical device of a certain arbitrai 7 character. 

In contrast wdth this the value of the entropy here has, 
according to (372) a perfectly definite, absolute, and, 
indeed, positive value. This is a theorem of fundamental 
importance which goes beyond the classical theory. 
From it we obtain, as will be shown, the law of energy 
distribution in the normal spectrum for radiant heat and 
also Nernst’s Heat Theorem for the heat content in bodies : 
both these consequences are foreign to the classical theory, 
Comparison with experimental measurements then also 
5nelds the numerical value of the constant k. At the 
present point we can state only the order of magnitude of 
k. For since G is enormously great (§ 117) and S has 
moderate values in the usual units, h, measured in calories 
and degrees centigrade, will have a veiy small value. 

§ 119. Although the fundamental relation (372) 
furnishes a method of expressing the whole thermo- 
dynamic behaviour of a system in terms of its microscopic 
structure we have not yet, of course, solved the problem 
merely establishing the relation. For we have yet 
to calculate the number G for any case that may present 
itself ; this problem has been solved completely for only 
a few systems of simple type. But before we j)roceed to 
the applications we shall make a few remarks on the 
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piij^sical meaning ol the whole theory, which will lead to 
remarkable consequences and will at the same time 
furnish the means of testing the validity of the theory 
experimentally. 

The starting point of our discussion was the statement 
(§ 117) that all microscopic states are equally j)robable. 
If we enquire into the physical meaning of this statement 
the only possible reply surely appears to be this : the 
probability of finding a physical system, which is subject 
to definite fixed macroscopic conditions, in a definite 
microscopic state at any time, is equally great for all the 
microscopic states possible under the given conditions. 
From this it necessarily folloAVs that in the course of time 
the system really passes through all the microscopic 
states corresponding to its macroscopic conditions. If, 
for example, we have a body enclosed in an envelope 
imperineable to heat, it will in the course of time assume 
all the microscopic states that are possible at constant 
volume and for a constant value of the energy. This is 
usually knoAvn as the ‘’orgodic hypothesis” [Ergochn- 
hypotliese) . 

At first sight this appears to bo an amazmg and un- 
acceptable statement. For the microscopic states in the 
case in question include not only those corresponding 
to the macroscopic thermodynamic state of equilibrium 
but also those which belong to all the other macroscopic 
states, provided only that the volume and the energy 
are the same. In other W' ords, the body exhibits a behaviour 
totally in disagreement with the thermodynamic laws. 
There is no question of the state of equilibrium being in 
any sense a state of rest. Even if the body should once 
find itself in a state of uniform density and uniform 
temperature it -will subsequently change this state of 
itself ; differences of density and temperature will arise 
spontaneoixsly, to such an extent, in fact, that ultimately 
every possible deviation from thermodynamic equilibrium 
will be realized as often as we like. This appears to 
contradict flatly the demands of the second law. 
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Nevertheless this contradiction can be disposed of. 
For quantitative tests will not only show that it is ground- 
less but will also lead further to positive deductions which 
are directly confirmed by experiment and, therefore, lend 
valuable support to the theory. 

If thermodynamic equilibrium is not a static Init a 
statistical equilibrium about which fluctuations of every 
kind occur we are led to enquire particularly to what 
extent and how often these fluctuations occur. An 
answer to this is clearly given by the theoroin that the 
mathematical probability for the occurrence of any 
macroscopic state is represented by a fraction, whoso 
numerator is the statistical weight G of the macroscopic 
state and whose denominator is the sum of the statistical 
weights of all the macroscopic states that are at all poasi])le 
under the given conditions. The probability is greatest 
for the state of thermodynamic equilibrium, since maximum 
entropy corresponds to it. Let its statistical weight he 
Gm. Then the ratio of the probability of any state to 
the probability of the equilibrium state is as G is to G,n ; 
and this quotient gives a quantitative measure for the 
freciuency of occurrence of the corresponding deviation 
from equilibrium. Using (372) we obtain for its values : 

a 

e 

whore Sm denotes the maximum value of the entropy. 
If we set : 

(373) 

then is negative, and we get ; 

£ - e ■ (374) 

This is a proper fraction, as it should be. This relation 
allows us to calculate the relative frequency with which 
each deviation from equilibrium occurs. Now we have 
seen that the constant h has a very small value, hence for 
a moderate value of AS the quotient (374) will come out 
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extremely small, that is, an appreciable deviation from 
equilibrium is extremely rare. If the deviation is to 
occur more frequently then must he of the order of 
magnitude of h, that is, the fluctuations about the state 
of thermodynamic equilibrium must have an exceedingly 
small amplitude. 

§ 120. Let us carry our argument a little further by 
treating a specially simple case, say that of an ideal gas. 
Let the number of moles n, the energy U and the volume 
F Im given. Then in the state of equilibrium the gas has 
uniform density and uniform temperature throughout its 
volume. Let us now consider a part of the gas containing 

n U 

')q moles which has the energy — and the volume 
n V 

Fj = in the state of equilibrium and let us enquhe 

into the frequency with which small deviations and 
from the normal values occur, Since the total 
energy U and the total volume V of the gas remain 
constant, we have : 

7. + A7/o == 0 


(375) 


where the number of the remaining moles is their 
energy and their volume Also, the change of 
entropy : 


corresponding to the fluctuation will be, if we disregard 
vanishingly small terms : 

\8 = A.^i + ^ 8 , 
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wliero the bracketed quantities all refer to the state 'of 
equilibrium. 

If we now apply the known relations : 


1 ^ 

T dV T 



U = ncvT -h const. 


and also take (375) into account, the last equation 
simplifies to : 



If, further, we assume to be great compared with 
the terms in vanish, and introducing the molar volume 



and omitting the index 1, we obtain : 

2vhi 



If we substitute this value in (371) wo have the probabilitj? 
that an ideal gas in thermal equilibrium, consisting of n 
moles at the temi^erature T and molar volume v and 
forming part of a much greater quantity of gas, deviates 
by the amounts A {7 and AF from the normal values of the 
energy and volume. Or in other words, the fl.uctuations 
of the energy and the volume about the values for thermo- 
d 3 uiamio equilibrium for such a gas are of the order of 
magnitude ; 

^U = (377) 


A7 = (378) 

Since, as we shall sec later (§ 141), the universal constant k 
when given in ergs is of the order 10“^® and hence of the 
order 10“^^ in calories, the fluctuations A Hand A F ordinarily 
have extremely small values. 

But we can go a step further. If hy integrating the 
exponential function (374) wfith respect to AH and A 7 
between infinitely great positive and negative values of 
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these variables form the sum of the probabilities of all 
the deviations from the values in the equilibrium state 
taken together we again obtain in general a small value ; 
that is, the probability for cmy deviation from the equili- 
brium state is appreciable, under ordinar}?' circumstances, 
only for very small dc^datioiis, or the statistical toeight of 
the state of thermodynamic equilibrium is very great compared 
^o^th the statistical iveight of all the possible states taJccii 
together. 

It is clear from this statement that under ordinary 
circumstances every kind of fluctuations about this state 
of thermodynamic ectuilibrium are quite inaccessible to 
measurement. The position is different, however, in 
extreme cases. At high temperatures T and when the 
volume V of the moles is very great, that is, when the 
dilution is great, the fluctuations must become appreciable ; 
if, however, the number n of moles increases then, 
although the fluctuations of the energy U and of the 
volume V increase, the fluctuations of the energy u referred 
to a mole and of the volume v of a mole decrease. 
Various experimental methods have been devised to 
produce the actual conditions under which the deviations 
of a physical system from the state of equilibrium can be 
made manifest ; in each case the fluctuations have been 
found to be of the amount calculated. Hence the im- 
portant result follows that the statistical theory of thermo- 
dynamic equilibrium is not only compatible with experi- 
mental results but is indeed demanded by it. 

§ 121. It is obvious that in the light of the point of 
view here developed the second law of thermodynamics 
acquires a fundamentally different character. The 
entropy of a physical system completely isolated from its 
surroundings can also decrease and will, indeed, decrease 
if we wait lotig enough. But what then remains of the 
second law? Its physical meaning is that any given 
state of a sj^stem is followed by a still more probable 
state or a state of still greater statistical weight — not) it is 
true, of necessity, but still, in most cases. As we have 



234 


THEORY OE HEAT 


CHAP. I. 


already seen in § 116 we can escape from the imsatis- 
faotory feature contained in this mode of formulation by 
adding the words ‘ * in the mean . ’ ’ AV ith this qualification, 
which is of no importance whatsoever in orduiary practice 
and which does justice to the actual facts, the law of the 
increase of entropy again holds with absolute accuracy. 



CHAPTER II 



§ 122. A OALOTLATiOH of the entropy of a physical system 
can be eSectecl on the basis of equation (372) for the case 
when the system consists of a group of systems entirely 
alike but completely isolated from one another ; we shall 
call each of the component systems an “elementary 
system.” For in this case we can dh’ectly specify the 
statistical weight 6* of a definite macroscopic state. 
According to our assumption (§ 117) each of these ele- 
mentary systems which we regard, for example, as a land 
of oscillators, can have discrete series of states, whose 
energies (positive) we shall denote in their order of 
magnitude as : 


£2 


€n 


Just as a definite amount of energy corresponds to each 
individual state let a definite state correspond to each 
individual amount of energy. Suppose N such elementary 
systems are present in all. Let us fix our attention on a 
definite macroscopic state of the system having an amount 
of energy E and let this state be characterized by the 
number of elementary systems which have each a definite 
energy, or, as we may say, by the way in which the total 
energy E is distributed over the individual elementary 
systems. If wo denote the number of elementary 
systems that have the energy £« by Nn then the numbers 
Eg, N^, , Nn . . ., represent the ivay in which 

the energy has been distributed or the law of distribution 
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of the energy. Let this law define the macroscopic state 
of the total system. The following relations then hold : 

Yq \\ -t Yg 4- . . . = A" . . . (37(j) 

(380) 

We next enquire into the statistical weight 0 of a defijiite 
macroscopic state ndiicli is to he regarded as given, that 
is, into the number of microscopic states of the total 
system whicla are possible for the disStribution law given 
by the numbers Y^q, A"*!, Yg. • . . In general a macroscopic 
state will comprise veiy many microscopic states. For, 
knowing the number of elementary systems which have 
a definite energy does not mean that we also know 
luhioh systems have this energy. Rather, if we exchange 
the energies of any two elementary systems wo get a new 
allowable microscopic state for each exchange. Wo can 
obtain a concrete picture of a definite microscopic state by 
means of an array of figures thus : numlicr the elementary 
systems from 1 to Y, write these numbers in a row and 
write below each number the amount of energy which the 
coiTesponding elementary system has in the microscopic 
state in question . Thus for Y = 10, that is, ten elementary 
systems : 

123456780 10 

^0 ^2 ^0 ^2 ^2 ^4 ^3 ^2 

This microscopic state belongs to the macroscopic state 
wliich is characterized by the law of distribution of energy : 

A Q — 2, =1} A^2 “ 'Ij -Yy ~ 1, “2. 

But the same macroscopic state still contains many other 
microscopic states, namely just as many as there are 
permutations of these quantities in the second row. All 
together these come to : 

10 ! 

2! 1!4[ 11 2! ”■ 
microscopic states. 
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By generalizing this calculation appropriately Ave get 
immediately for the desired statistical weight of tho given 
macroscopic state : 

Nl 




Nn ! 


(SSI) 


§ 123. We shall assume now and everywhere in the 
sequel that the number of elementary systems N is 
enormously great, so great, indeed, that not only the N 
in the numerator of the expression (381) but also the 
groat majority of the Wi’s in the denominator have a very 
great value. Without introducing an appreciable error 
we can then neglect those factors in the denominator, in 
which Nil are smaller numbers and we then have to do 
only with the terms formed of large NnS. This assump- 
tion gives us the mathematical advantage that we can 
regard the Nn^ as continuously variable, since a change of 
one unit in a large number is vanishingly small compared 
with the number itself. Pormally the factorial N although 
actually an integer can be replaced by a continnoiis 
function of W. For this purpose we first take the 
logarithm : 

“ .VI" 

7i = . > 3 

log iV ! Elogn ~ Z log n . A?z 

?l sal 1 


In the sum on tlie right the terms with rather small values 
of n play only a subordinate part ; and in tho terms with 
the greater values for n we may replace An by dn. 
Hence wo have : 



log N ! ” 



log n . (hi -i- 


log W ! = + 


The dots are to indicate a small correction term. 
According!}? we may write : 
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where /(A) is now at any rate of a lower order of magnitude 
than the xDOAver term x>receding it. We shall calculate 
f(N) only for the limit N — > co . To do this we start out 
from the infinite product : 



77 


And for x = 


1 - 






tit 


or : 


^ TT 1.3 3.6 5.7 

i /-fc • 


• it 


2 2.2 4.4 6.6 

This is luiown as Wallis’s ecxuation and may be written 
in the form : 

2N . 2iY 


or 


2.2 4.4 

x'5; TT 3 ■ ¥7'5 ■ ■ ■ {IN -'irplY + 1) ■“ 2 


1 


= ^ (384) 


, 2 . 4 . 6 . . . . 2 ^" _ 

1 .TTeT .'. . (2iY - 1) ■ v' 2F4- i ' V 2 


or 


Lim. 


(2.4. 6. . . . 2N)^ „L._ 


r. 2.3:4. 2N''^^2N 

or, more briefly : 


2 


Lim. 


. (N !)2 1 


r--;v.-v; 


(2i\7)! • ViY '“ 

and hence, substituting from (382) : 

Lim.2-.0 


This simplifies to : 


IHN) 1 




nm 


Vir 



n. 
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This functional eq^uation is satisfied by the assumption : 

yW)=a.A^^ (385) 

For it gives ; 

ri ^ “F- rt /I ^ 

1 

from which : 

a = 

Hence by (385) : 

JW) = 

and by (382) : 

-Y ! = ("I) VSffY . . . , (386) 

This is Stirling's formula except that a factor has been 
neglected which becomes unity -when N tends to infinity. 

If we substitute the value (386) in the expression (381) 
for the statistical weight (? of a macroscopic state given by 
the numbers Niy N^, . * m we get : 


Factors have been neglected here which on account of 
their small order of magnitude make no appreciable 
difference. If avc substitute for the index N from (379) 
^ye get : 



or^ WTitten in a more convenient form : 

CO 

' tOn log Wn (388) 

0 

where : 

(389) 

denotes the so-called distribution number, which expresses 
the fraction of the elementar^^ systems wdiich has the 
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energy en in the macroscopic state assumed for the whole 
system. By (379) and (380) the distribution numbers 
fulfil the conditions : 


and : 


ElVn — 1 
0 



(390) 

(391) 


where i denotes the mean energy of an elementary system. 

§ 124. The different macroscopic states which are 
possible for a definite value E of the energy of the total 
system will have very different statistical weights Q and 
among them there will be one which has the greatest 
statistical weight. To determine it is a simple problem 
in the calculus of variations. Keeping N and E constant 
we vary all the distribution numbers by an infinitely small 
amount and seek out that distribution for which hG 
vanishes. From (388) we get for this : 

ii'log + - 0 (392) 

in whichj by (390) and (391) the conditions : 

= 0 and SenhlVa =- 0 

hold. 

Eliminating by means of Lagrange's undetermined 
multipliers (1, § 97), we get : 

log iUn + A + iU€n = 0 
or : 

tVn = (393) 

as the distribution which has tlie greatest statistical 
weight. The constants a and (3 arc both positive; the 
former because Wn is positive, the latter because 
cannot become infinite when c,, increases. Their values 
may be obtained from equations (300) and 391). From 
(390) ; 
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(394) 


and then we get p from (391) : 

E 



This is a transcendental equation in p. Hence it is often 
more convenient to regard, not E, but p as the independent 
parameter. 

The value of the maximum of 0 is then obtained by 
substituting (393) in (388) : 

log = - N2iVn{log a - j8e«) ^ 

= “ iV'(loga- ' (396) 


Before we enter into the physical meaning of the energy 
distribution (393) that we have found we shall first 
briefly consider the type of maximum for log G represented 
by it. For this 2)iir]3oso we shall calculate the change in 
the value (388) of log G foi* any finite small variations A 
of the distribution numbers Wn. Thus : 

A log G — NE[Wn -I- tilOn) log [%0n + EWn) + NSWn log lOn 

Now, since log iwn t^Wn) = log lOn 1 - 

which M^e liave neglected the smaller terms, it follows that 
the deviation of the statistical weight from its maximum 
value is : 


} ^ in 


2 


and this is in fact always negative. But ^ve also see that 
even when the lEiOn^ are small the deviation can become 
very great ; this is always so when the t^ion^ exceed the 

1 

order of magnitude • From this it f ollow^s a fortiori 
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that for finite variations of the Awn& the change in log G 
assumes great values. In other words, the maximum of 
the statistical weight is very steep and very pronounced, 
and accordingly the energy distribution that corresponds 
to it is distinguished by being particularly sharp. 

§ 125. Before proceeding to use the calculated statistical 
weight G of a given macroscopic state of our system in order 
to fold its entropy and so to give it a thermodynamical 
meaning, we have first to fulfil an essential preliminary 
condition. We must do away with the assumption made 
in § 122 that the elementary configurations of which the 
system in question is composed are completely isolated 
from one another. For, as we sec from the discussion 
in the preceding chapter, the statistical interpretation of 
the second law has a meaning only if the difierent micro- 
scopic states of a system can become interchanged in the 
course of time. But in the case where the elementary con- 
figurations are all isolated from one another each retains 
its energy michanged for all time and a microscojjic slate 
that once exists contmues without cessation . W e are there- 
fore compelled now to introduce an exchange of energy even 
if it be only small and quite irregular, or, to use the technical 
expression, we introduce a very loose coupling between 
the elemental^ systems. This loose coupling is to serve 
the sole juirpose of allowing an elementary system here 
and there to cliange its state even if it occur only aihitrarity 
rarely. Then, on account of the interactions between the 
individual elementary systems, different microscopic states 
of the total configuration can relieve one another, and since 
all the microscopic states occur equally often, that micro- 
scopic state which occurs most often will be that to which 
the greatest number of microscopic states, that is, the 
greatest statistical weight, corresponds. Hence this state 
represents the state of thermodynamic equilibrium or of 
maximum entrop 3 ^ On account of the steepness of the 
maximum (see end of § 124) the finctuations of the 
entropy about the maximum value will always be very 
small and may be neglected if the N’fi are sufficiently 
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great, (372) and (396) the maximum value itself 
comes out as : 

S = Nk log H- ^kE . . . (398) 

The temperature of the configuration is then also deter- 
mined by the entropy. 

To enable us to picture the state of affairs more easily 
we may imagine the coupling between the elementary 
configurations to be realized by placing them all in a 
common bath having the temperature of the whole system, 
and we shall suppose this bath to consist of a highly 
rarefied gas. We must of course bear in mind that by 
introducing a heat-bath as a means of communication 
between the elementary configurations the assumptions 
under which the results of the preceding section were 
deduced undergo a slight change. For the energy E of 
the whole system is no longer constant in time as now 
energy can be transferred to the heat-bath. Since, how- 
ever, the I’elative fluctuations of energy in a gas contain- 
ing a great number of moles are extremely small, as our 
calculation in § 120 shows, we may regard the equations 
(395) and (398), by which the entropy S is determined as a 
function of the energy in the state of thermodynamic 
equilibrium, as valid to an appreciable degree of accuracy- 

It is important to remark that the substance and the 
constitution of the heat-bath used can exert no influence 
on the nature of the thermodynamic equilibrium. For if 
two different heat-baths have the same temperature then, 
by § 3, a body which is in thermal equilibrium with one 
of these heat baths will also be in equilibrium wdth the 
other. Hence we can speak of the entropy and hence also 
of the temperature of the configuration in question with- 
out referring to a heat-bath at all; this is actually ex- 
pressed in equation (398). 

The temperature T of the configuration and 
simultaneously the temperature of every heat-hath in 
equilibrium with the configuration are obtained from the 
entropy S by means of the general thermodynamic 
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relation (105) between the entropy S and the energy E 
(called U in the ecpiation) in the case of a configuration 
isolated from its surroundings : 

1 (398.) 

Since 8 cannot be expressed explicitly in terms of E, but 
only by way of the parameter p we write ; 


T"d 

f 

and determine the numerator of this quotient by (398) and 
the denominator by (395). Calculation gives : 

.4 = (399) 


which closely relates the parameter ^ with the temper- 
ature T. So the equations (395) and (398) become : 





};T 



and : 


E 



If we compare these equations with the general thermo- 
dynamic relations (112) and (12G) wc obtain the expressions 
for the characteristic function of tlic configuration : 


W=Nh\ogSG = . . . (402) 


and for the free energy : 


E = - NkT log Ee 


I?!' 



As we see, all these functions and hence the whole thermo- 
dynamic behaviour of the configuration in question are 
essentially conditioned by the value of the sum : 


Se 



(404) 
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ffhieli is therefore ealled the sum of the states ” of an 
elementary system or configuration. 

Wo also write down here, for later use, the general 
relations (114) and {128a) : 


iirr 




clF 

ciT ~dT 



wliioh can tiasily be verified by means of the above 

expressions. 

§ 126. Wo shall now consider more closely the physical 
properties of the statistical thermal equilibrium that has 
been found. Tlie distribution number ooiTcsponding to a 
definite amount of energy e,i of an elementary configuration 
is, by (394) and (399) ; 

JcT 

IVn = . .... (407) 


It represents tlio mathematical probability that any 
arbitrarily chosen elementary configuration should have 
the energy g/i. Hence the smallest energy €q is most 
frequently represented ; this is followed by the increasingly 
greater amounts of energy £ 1 ,^ 2 ..., which occur less 
and less frequently. 

But we may also give the distribution numbers w 
another meaning. For aince the elementary systems are 
all of tlie same kind, they also pass through the same 
changes of state in time, and these changes of state taken 
together condition the various microscopic states of the total 
configuration. According to this view lUn. in (407) 
simultaneously denotes the probability that, when we 
consider the changes which a definite individual elementary 
system undergoes in the course of time, the energy en 
should occur at an arbitrarily chosen point of time. In 
considering the time changes of state of an individual 
elementary system we must of course regard them as 
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caused by tlie action of the heat-bath since this is the only 
body that affects the elementary system. Otherwise the 
temperature would not be defined at all. 

So we see that the energy of an indmdiial elementary 
system lohich is in a heaf-hafh of temperature T hut otherwise 
completely heat-insulated performs quite definite fluctuations 
as represented hy (407) ; these fluctuations depend only 
on the temperature and not on the nature of the heat-bath. 
Since the mean energy e will in general differ considerably 
from the most frequently occuning energy the difference 
of the momentary energy €« from the mgan energy e will 
as a rule be very appreciable, being sometimes negative 
and sometimes positive. To obtain a quantitative 
measure of these deviations from the mean value, which 
are also denoted by the terms scattering ” or '' dis- 
persion,” we cannot of course simply form the mean value 
of the cliffereiico ch - i ; for its value is zero. But we 
arrive at a serviceable measure of the scattering if \ve 
form the mean value of the square of the difference 
{cn — ; this is called the mean square fluctuation.” If 

this quantity is veiy small any appreciable deviations from 
the mean value will occur only rarely. To make the value 
of the mean scpiare fluctuation independent of the units 
chosen we form the relative ” mean square fluctuation ; 

“ . . (408) 

The numerator of this expression is 

Hence 

A 1 (409) 

Whereas the mean energy i is obtained by (400) directly 
from the total energy E the mean square energy : 



( 410 ) 
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may bo clci'ivecl irom (400) by clifferGiitiating M'itli r6sp6ct 
to the temperature. For if we perform this differentiation 
and simplify we get : 

and BO, talcing into account (409) ; 

■ (■‘■‘t 

This enables ns to state the value of the relative mean 
square fluctuation as soon as have calculated by (400) 
how the mean energy i depends on the temperature T. 
To do this we must of course know the energy values 
of the elementary system, concerning which we have 
made no assumptions at all so far. But we may take this 
opportunity of giving as a striking example of the energy 
fluctuations of an individual elementary system in a heat- 
bath the motion of a fine particle of dust suspended in a 
liquid; this is the so-called “Brownian movement*’ 
vhioh is the more %dgorous the smaller the particle, 
because for a definite energy-fluctuation of a moving 
point-mass the fluctuation of velocity increases as the mass 
decreases. 

§ 127. Hitherto we have assumed in our elementary 
system that there is a perfectly definite microscopic state 
of the system corresponding to every possible quantity of 
energy €n of it. This will be so only in the case of s^^stems of 
quite simple construction. In general, however, and 
particularly when the elementary system has a rather 
largo number of degrees of freedom, wc shall also have 
to take into consideration the case where every possible 
amount of energy €n has several or even many different 
microscopic states of the configuration belonging to it. In 
such a case we call the configuration “ degenerate.” The 
question now is how can the laws which have so far been 
found to be valid for a group of elementary systems of 
exactly the same kind be generalized for the oases where 
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the elementary systems are degenerate to a- greater or a 
lesser degree. This question can be answered by the 
simple pi'ocediire of passing to the limit. For since we 
have made no assiim23tions about tlio q^uantities e/i of 
energy nothing prevents us from assuming the elementary 
system — at present non-degenerate — to be such that the 
possible energies accumulate in groups in the immediate 
neighbourhood of certain favoured values ; we may, then, 
without introducing an appreciable eiTor, comprise all 
terms that belong to such a group in a single term ; 

'l-T 


in the sum of the states as expressed by (404). Here e,, 
denotes the energy at the point of accumulation, gn the 
number of microscopic states that constitute the group. 
The sum of the states then runs ; 

Z = Sg,iC (412) 

and, by (402), the characteristic function is : 

A7jlog2- AV. . . . (413) 

Hence by (400) the energy is : 

E = N- = K-1 

fin 

it'}' 



Now if the energies of a group draw together more and 
more closely the couiiguratiou finally merges into a de- 
generate system with gn microscopic states con^esponding to 
every possible amount of energy e,i. This number gn is 
called the statistical \reight of the energy eu or the degree 
of degeneracy. The introduction of the statistical weight 
gn ill the expression for the sum of the states thus makes 
all the previous laws valid also for a family of degenerate 
systems. 

A very important consequence follows on this generaliza- 
tion. For let us again consider an individual elementary 
configuration in a heat-bath of temperature 2^ and let 
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us investigate the iliictiiations which its energy undergoes. 
According to (407) these may be represented by the 
distribution number : 


4 • • 

kT 

So long as (jn was equal to 1 we had to conclude that the 
smallest amount of energy eg occurred most frequently. 
The position is, liorTOver, now altered. Eor if the ele- 
mentary configuration is degenerate, as, for example, 
Tvhen it contains many degrees of freedom by consisting, 
say, of many oscillators, the statistical \yeight {/„ with the 
ordinal number n will rapidly increase, since a greater 
amount of energy en will be able to distribute itself over 
the different degrees of freedom in many more different 
ways than a smaller amount of energy. Thus as n 
increases the numerator of (41 /i) will also at first increase ; 
but later, when the e/t’s become suf/icfontly great, it will 
sink to vanishingly small values on account of the 
exponential function. The maximum of lOn^ the point 
when the most frequent energy occurs, thus no longer 
lies at 1q but is displaced towards e ; that is, the energy 
fluctuations are less than in the case of a non-degenerate 
configuration. 

A quantitative measure of the scattering is given by the 
relative mean square fluctuation A, whose amount, also 
for a non-degenerate elementary system, is again repre- 
sented by the expression (411), as is easily seen by 
differentiating the equation (414) with resjpect to T, The 
greater the degree of degenerac}?*, the more the number of 
degrees of freedom i')ossessed by the elementary system, 
and the greater the mean energy 1 of the system corre- 
sponding to a definite temperature T of the heat-bath 
will be, for the simple reason that the total energ}?' of many 
oscillators becomes infinite when their number becomes 
infinitely largo. From this it follows by (411) that the 
value of A becomes vanishingly small for a highly de- 
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generate elemeiitaiy system, or that the distribution 
number lOn in (415), regarded as a function of €n, possesses 
a nan'OAV and steep maximum. 

In other words, an elementary system of many degrees of 
freedom m a lieat-hatli of definite temperature T performs 
only very squall relative energy flitcttiaiions^ and the energy 
that occurs most frequently coincides appreciably witli the 
moan energy 1. Hence an elementary system having 
many degrees of freedom will have at every temperature a 
perfectly definite energy e given by (414) ; and, of course, 
conversely for every amount of energy there is a perfectly 
definite temperature, so that we can speak of the temper- 
ature of the elementary system in a definite sense without 
referring to the temperature of the heat-bath. 

Now since we have made no hypothesis about the con- 
stitution of an elementary system, there is nothing to 
prevent our treating any lody loliatsoever — so long as it is 
not too small — which has quite arbitrary macroscopic 
properties, as an individual elementary system, and so 
applying to it the equations (412) and (413). Now if 
Ave indicate the occurrence of maiy^degi’ees of freedom 
by AAT-iting E for G for g and ^ for ijj^ omitting the bars, 
Avhich haA^-e iioAV become superfluous, the equations just 
mentioned become : 

Z - (416) 

= Jc log Z ^ k log EGnC (417) 

This equation determines hoAv the function W depends on 
the temperature T and so fixes the Avholo tliermodynamic 
behaviour of the system. It is completely equivalent to 
the relation (372) by Avhicli the entropy S is determined 
Avhen the energy E is given. For by § 55 IF is the character- 
istic function when the temperature T is the independent 
variable, Avhereas Avhen the energy E is the independent 
Amriable the entropy#?, by § 54, represents the characteristic 
function. 

Just as by starting from (372) aa^c anave at (417) so, 
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coiivorsoly, wo can derive the relation (372) from (41 7), 
the way being very direct. Eor if we reflect that in the 
sum of the states (416), on account of the narrow and steep 
luaximuiii of the distribution numbers, all those terms are 
iiicippreciable whose energy En deviates markedly from 
the most frcctuent or mean value, we may write the mean 
value of the energy E instead of En in all the terms that 
come into cjUGstion. The sum of the states then assumes 
the form : 

where 0 now doiotes the sum of the statistical ^'eights of 
all those states of the system in which the energy differs 
only slightly from E and in so far as they contribute 
appreciably to the s um of the states . Hence the character- 
istic function by (417) becomes : 


If we compare this relation with the general thermo- 
dynamic relation (112) in Avhich the energy is denoted by 
U, we get : 

8 = lc\ogO (418) 

which has brought us bad?: to the relation (372). 

But there still remains an unsatisfactory discrepancy 
which requires to bo elucidated. It consists in the fact 
that in (372) the quantity 0 refers to a perfectly definite 
amount of energy E whereas in (418), as we expressly 
remarked, G also includes those states whose energy 
deviates slightly from E, This difficulty resolves itself 
when wc consider that in forming the quantity 0 in (372) 
the energy E of the sj^stem is to be regarded as determinate 
only in a macroscopic sense and that a value which has 
been determined in this Avay still allows small deviations, 
in complete analogy "with the small fluctuations of energy 
considered in § 120. How far the deviations of the energy 
from the macroscopically given value E may and must be 
taken to include exactly all the states that contribute 
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aiDpreciably to the value of the statistical weight G is 
detex^miiied by the circiunstaiice that an increase of the 
deviation must produce no appreciable change in the value 
of G. 

But an essential point must be noted here. In the 
expression (417) of the characteristic function W the 
summation formula is to be taken over all the energies 
En of the system, from 0 to co . As we have seen, the 
sum of the states then involves only those terms whose 
energy En diSers but little from the mean value E, The 
steepness of the maximum at the point Eu == E is caused 
on the one side, E 71 < E, by tlio first factor, G : on the 
other side, E,i > E, it is due to the second factor, the 
exponential f unction . On the other ban d, in the expression 
(372) for the entropy S the second factor is absent. Con- 
seqixently, in forming 8 by means of (372), we may not 
count microscopic states whose energy exceeds the 
macroscopically given energy E in the upward direction, 
whereas in the downward direction the deviation mav bo 

u 

as great as ^ye please. 

In other words, the statistical locight G tohich must be 
su-bstiliitecl in (372) to give the value of the enlrog^ 8 of a 
2 i>hysical system of given energy E is appreciahly equal to 
the total number of microscopic states of the system lohose 
energy does not exceed the value E. 

At first sight it may seem strange that altliough all the 
microscopic states with arbitrarily small amounts of 
energy are used to form the total numljer 0 the value of 
G yet essentially depends only on such states as have 
energies that lie near the maximum energy ; that is, that 
the number of all those microscopic states whoso energy 
is appreciably less than E is of no account compared with 
the number of those whose energy lies near the value E, 
We are tempted to surmise that a small increase in the 
energy LE'^^E would of necessity correspond to only a 
small increase AG^^G of tlio number of ail the micro- 
scopic states that are possible between 0 and E, A simple 
example shows that this is not so. Let G— Eh Then 
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for a given l\E E, jio matter liow small Ai/ is, we can 
always choose tlio numher / to ho so great that = 

G 

The circumstances are exactly similar in our i)resent 
case. All require to do is to assume the numher of 
degrees of freedom of the physical system under con- 
sideration to be so great that contributions to the value of 
the statistical weight calculated according to the above 
rale are made only by those microscopic states whose 
energies lie near the value of the energy of the system. 
If this conditio]! is incapable of fulfilment there is no 
defiirite erLtro 2 :)y at all corresponding to a definite energy 
E of the system. And then we can sjjeak of the temper- 
ature of the system, too, onl}^^ in the sense that if we place 
it in a heat-bath of a definite temperature the energy of the 
system lurdergoes the familiar more or less appreciable 
fluctuations. 

Numerical examples proving the validity of all these 
laws may be obtained from the si)ecial apj)lications given 
in the next chapter. 

§ 128. To evaluate the sum of the states ^ it is often 
more convenient to roj)lace the expression (410) by another 
in wliich wo write down individually tlie microscopic 
states that have a common energy Eu, thus : 


. . . (410) 

and : 

.... (420) 

The index z is to denote that the summation is to be per- 
formed not over the order numbers n of the energy but 
over the individual states, so that every amount of energy 
En is counted just as many times as there are states which 
have this amount of energy. Thus the sum in (420) 
simply includes all the microscopic states of the system, 
from the smallest amount of energy to the greatest, and 
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to perform the summation wo may arrange the terms of 
the sum in any order. 

The equation (420) is considerably more general than 
the equation (402), although it looks quite similar. For 
it is valid for any system whatsoever of many degrees of 
freedom, while (402) holds only for those which are com- 
posed of N components which are independent of one 
another hut are of the same hincL Since the latter is a 
special case it is evident that the equation (402) can be 
derived from (420). We show this in the following way. 
If the system consists of a great number N of elementary 
systems which are of the same kind but indej^endent of 
one another and non-degenerate, their energies being 
assumed to be fgs ^ 2 ) * • • • • •. then any possible 

value of the whole system is given by : 

€« 'T' € n" “b . . . = j® 

where the individual sums refer to the individual elmnentary 
systems, and so by (420) : 

n ii* n' 

Since there is a microscopic state corresponding to every 
combination of the order lunnliers n'' . . ., and 

conversely, the summation must bo performed over everj^ 
order number from 0 to co . The exj)onential function 
resolves into a product of corresponding exponential 
functions having one order number each. If we now 
sum over the order number ny Iteoping all the other order 
numbers fixed, we get tho following sum, a constant factor 
being disregarded : 

2;e 

n 

And by continuing this process we get, since this sum is 
the same for all the N kinds of order numbers : 

which is identical with the equation (402). 
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CLASSICAL THEORY. LIOUVILLE’S 
THEOREM. QUANTmi STATISTICS 

§ 129. The laws which have been derived in the two 
preceding chapters represent the methods which enable 
us to determine the characteristic function and heneo the 
whole thcrraodynaraic behaviour of a given physical 
system. They proscribe the line of reasoning which must 
be followed in evmj statistical theory of heat. But to be 
able to fill the form that has been obtamed with content 
we have yet to loiow the values Ei,, wliicli the energies of 
the system can assume, as well as the corresponding 
statistical weights On. This is the point where the 
different statistical theories diverge, namely the theories 
of .Boltzmann and Gibbs, of Bose and Einstein, and of 
Pauli, and Fermi and Dirac. 

As an introduction to tliis complex of problems we find 
it advantageous to start out from classical sfalislics not only 
because it is the oldest but rather because it links up most 
directly with classical mechanics and elettrodynamics, 
and also because it is necessary on the one hand to convince 
oneself of its insufficiency and, on the other hand, to 
establish the limits within which it is valid. Let us con- 
sider any mechanical system completely isolated from its 
surroundings and having / degrees of freedom, where / is 
an arbitrarily great or small integer, then by the classical 
tlieory the state of tho system is determhied by 2/ 
quantities, namely by the / general co-ordinates (ji, 
3 ' 2 ) • . . <// and the / corresponding velocities (j'l, % . . . 
< 7 / (I, § 124). The sum total of alt the yiossible states of the 
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system thus forms a continuously extended manifold of 
2/-dimensions (§ 117), which is most easily pictured by 
considering a space of 2/-dimensions, called phase- 
space/’ whose rectangular co-ordinates are the q^uantities 
q and q. Then for every point of the phase-space there is 
a definite state of the system. Further, by the laws of 
classical mechanics, the state at any particular moment of 
time determines the whole motion, that is, the succession 
of states for all subsequent times. This expresses itself 
in phase-space in the fact that every phase-point traverses 
a perfectly definite curve with a definite velocity. This 
curve is called the “ phase-orbit.” Since the phase- 
points fill the phase-space continuously all these motions 
together present the picture of a flowing liquid, and the 
stream is stationary because the velocity and the direction 
of flow at every point of the phase-sp)ace are inde2:)endo]it 
of the time. Thus if we consider any arbitrary region of 
the phase-space all the points of this region will move in a 
definite way and so we may say that every region of the 
]Dhase-space displaces itself in a definite way in the course 
of time and becomes deformed. 

§ 130. The problem with ■whicli Ave are noAv confronted 
is as follows. What number of microscopic states of the 
s^ystem is contained in a given region of phase-space? 
For by our definition (§ 117) this number rej)resents the 
statistical Aveight or the thermodynamic probability of 
the AAdiole region. 

In the first place it is clear that in this form of the 
question the ansAver of the classical theory can only be 
‘‘ infinitely great.” For by classical theory the micro- 
scopic states and the phase-points corresponding to tliem 
form a continuous manifold. Hence it folloAVS that the 
classical theory can give only a relative and not an absolute 
ansAA^er to the question by fixing a more or less arbitrary 
measure for the unit of statistical weight. Woav since 
the greater the number of microscopic states contained 
in a given phase-region the more extended it is, Ave find it 
appropriate to set the statistical weight of a given phase- 
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i-egion proportional to the extent or the volume ” of 
this region, that is, to the quantity : 

dr^ 


where == . . . dqf, dq-^. dij:^ . . . dqj. 

Accordingly, the statistical weight of this region is ; 

0 G , ^ dr 


(421) 


where the factor of projDortionality G denotes a certain 
infinitely great universal constant, which remains in- 
determinate and arbitrary. 

hJevertheless this definition still suffers from a serious 
fault. For if we apply it to calculate the statistical weight 
of a definite region in phase-space the result comes out very 
differently according to the choice of the co-ordinates q, 
and — a no less serious matter — it changes its value in the 
course of time corresponding to the deformation of the 
region which was mentioned at the end of the preceding 
section ; this is incompatible with a general theorem of the 
theory of |)robabilib 3 ^ which demands that a state which 
necessarily emerges from another state must also have the 
same probability as the latter state. 

A theorem p]'oposod by Liouville offers an escape 
from this difficulty. For if we use as the co-ordinates of 
the phase-sj^ace besides the / generalized eo-oi^dinates q 
of the system the corresponding/ momentum-co-ordinates 
p (I, § 128) in place of the velocities q, and if we define 
as the element of volume of the phase-space the 
differential : 

dr = dqi , dq., . , . dqj . dpi . df^^ . . . d^j . . (422) 

then the, quantity G in (421) is, for a given region of the 
‘-phase-space, independent of loth the choice of co-ordinates 
q and the time. 

We first prove the latter assertion. We proceed by 
considering an extremely small region of phase-space at 
the time t in the form of ' a 2/-dimensional rectangular 
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parallelepiped whose edges are parallel to the co-ordinate 
axes of the phase-space. The volume of this region is : 

At == A(2i . . . . Api . Apa . . . 

After the lapse of an infinitely small interval of time, 
dining ivhich tiie co-ordinates of every phase-point have 
changed by : 

clq-i = cjidt, dq2 — q^dt . . . dpi ^ pidt, dp^ = P2dt . . . 

all the phaso-points belonging to the selected region again 
form aiDproximately a rectangular parallelepiped^of size ; 

At' = A ((?1 + Ihdt) . A ((/2 qodt) . . . 


where we neglect terms of vanishingly small order of 
magnitude. 

If we now reflect that in the preceding expression : 



in -which all the remaining co-ordinates are kept constant 
durmg the dilferentiations, we get for the change of size of 
the phase-region, disregarding vanishingly small quantities : 


At' — At = At . 



and, by the equations of motion (413) of § 128, Vol. I, this 
expression is equal to zero. 

Thus an arbitrarily selected part of phase-sioace : 

At - (423) 

does not change in size if all points of the region move in 
their phase-orbits in accordance with the equations of 
dynamics. Hence our above model of a stationary flow 
of liquid becomes further specialized by the condition 
that the liquid must be incompressible. 

§131. Let us here interpolate an interesting consequence 
of the last result which immediately suggests itself. If, 
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starting from any arbitrary point of a phase-orbit, we 
follow this orbit for a sufficiently long time we shall 
ultimately arnwe at the starting-point exactly or at least 
to any desired degree of approximation, so long as we 
assume that phase-space extends to infinity in no direction 
whatsoever (Poincare’s Recursion Law, Wiechrlcehrsafz). 
For since the flowing liquid is incompressible the space 
traversed by the cross-section of a thin current-filament 
(II, § 61) will in the course of time exceed any arbitrary 
c^uaiitity no matter how thin the filament may he chosen. 
And if the volume of the whole of phase-space is finite 
tliis can happen only if the current-filament either returns 
exactly into itself — the motion is then periodic — or at 
least meets itself again at some point. 

§ 132. We have yet to prove that the value of the integral 
(423) taken over a definite region of phase-space is in- 
dependent of the choice of co-ordinates q. This may be 
shown as follows. If in place of the co-ordinates 
• ■ • Q.f introduce any other co-ordhiates 
^23 * . • <l>f where the co-ordinates are functions of the 
co-ordinates q then our object is to compare the quantitj^ 
(423), which we shall denote by Ar^ for the sake of clear- 
ness, with the quantity : 


Ar,,, = // 


(424) 


where the i/j'b are the momentum co-ordinates correspond- 
ing to the co-ordinates f/j, and the contour of the integral 
(424) corresponds with that of (423). We choose the 
region Arq to be very small and hence also the region 
At,/,. 


If we now allow a comparatively long time to pass, say 
from t to the region Ar^ will have moved a considerable 
distance from its original position and will be in a distant 
part of phase-space. The region Ar,/, will likewise have 
moved a long ■way from its original position. By Liou- 
ville’s Theorem we have that : 
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We shall nest introduce a third hind of co-ordinates 
072, • > • which are also definite functions of the 
co-ordinates q. But we shall choose these co-ordinates 
ill such a way that in the original portion of phase-space 
they coincide with the co-ordinates q except for in- 
appreciable deviations, whereas in the distant region of 
the phase-space they coincide with the co-ordinates c/j. 
There is nothing to prevent this clioice since no restriction 
has been imposed on the functional relationship between 
the co-ordhiates. Since the momentum co-ordinates are 
comj)letely determined by the generalized space co- 
ordinates — for we are dealing with a perfectly definite 
motion — the same is true of the momentum co-ordinates ^ 
that belong to jr. We therefore have : 

Atq = Atx and Ar\f, = Ar'x 
But according to Liouville’s Theorem ; 

Atx = 

and consequently, by the preceding relations : 

At,/, = Arqj 

which was to he proved. 

§ 133. After having justified, so far as is possible from 
the point of view of classical theory, the definition of the 
statistical weight G of a definite region in phase-space by 
means of the equation (421) in conjunction with the 
expression (422) for dr we may use it directly in (418) to 
calculate the entropy S for the case of a configuration 
having many degrees of freedom. On account of talnng 
logs, an additive infinitely great universal constant log C 
occurs which is indeterminate and hence remains aibitrary. 
In classical theory the entropy therefore has no definite 
value. But thivS does not make it impossible to draw 
certain definite conclusions from the entropy in the 
classical theory, since in differentiating the entropy the 
indeterminate additive constant disappears. So its 
presence is not in itself a reason for giving np the classical 
theory. In the hands of L. Boltzmann it has, indeed, led 
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to far-reaching consequences which agree excellently 
with experimental results. Nevertheless, among the 
results of the classical theory we shall also become 
acquainted with some that are violently opposed to the 
results of experiment (§ 139). It is this which has led to 
the introduction of the qimntim theory. 

According to the quantum theory the statistical weight 

of a definite region of phase-space or the number of 
microscopic states contained in this region is a definite 
finite number. This hypothesis leads to a totally new 
view of the concept of a microscopic state. For in 
classical theory a definite point in the phase-space is 
assigned to each microscopic state. 

But if, as in the quantum theory, an arbitrarily great 
region of 2/“dimeDsional space is to contain a finite number 
of microscopic states it is evident that to every individual 
microscopic state there is assigned a 2/-climensional region 
of phase-space. The size of this region, Avhich wn may call 
an elementary region or element of the phase- 
space, is obtained if we sot 1 in (421), that is : 

( 425 ) 

which is a relatively small but finite universal constant. 
Ill general the statistical "wciglit of a phase-region is then 
equal to the number of elements included in the phase- 
region. 

We SCO that by these theorems the classical concept of 
the ‘‘state’' of a mechanical system lieconies fundamentally 
clianged, or, wo may say, blurred. In the quantum theory 
the state comprises, not a single phase -point, hut all the 
points of a whole phaso-orbit, and the pihase-orbits, each 
of which indicates a definite energy, form a discrete 
manifold in the phase-space which can be counted. An 
individual element of phase- space is 2/- dimensional ; it 
thus forms a “ current-filament " of finite though small, 
cross-section, and the phase-orbits allowed by the quantum 
theory form the boundary of the current-filament. 
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However strange these deductions may sound, they have 
nevertheless in many cases stood the test of experiment 
and hence have led to radical changes in the theory : 
the complete explanation has only recently been given by 
wave-mechanics. 

The following simple consideration is sufficient for our 

1 

purpose. The universal constant ^ in (425) has the 

dimensions dr and hence, by (422), the dimensions of the 
/th power of the product By I, § 128, this product 
q,p has the dimensions of energy multiplied by time, that 
is, of “ action.” Hence we set : 


(426) 

and we call the universal constant h the ” elementary 
quantum of action.” From this we get the following 
value for the size of an element of volume of phase- 
S23ace : 

jdT = h' (427) 

where dr stands for the ex^ji'ession given in (422). And 
the statistical weight of an arbitrarily groat volume of 
phase-space comes out, by (421), as : 


(428) 

But it must be observed that this relation has a meaning 
only if the phase-volume contains an integral number of 
elements of volume. Since, however, the definition 
(418) for the entropy holds only for systems having very 
many degrees of freedom no essential limitation is im- 
posed by the condition just stated. 

§ 134. Although by introducing the elementary 
quantum of action into thermodjmamic statistics we have 
diverged appreciably from classical theory, there is nothing 
to prevent our reverting to it at any moment. We have 
only to make h infinitely small to regain from (426) the 
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constant G of the classical theory nith all its properties. 
Tliis circumstance will be of frequent use to us in the sequel.' 
For it enables us by means of a simple mathematical 
operation to write alongside every quantum formula 
the corresponding classical formula and so to compare 
directly any laws given by the classical theory rvith those 
of the quantum theory. 



CHAPTER IV 


SIMPLY PERIODIC OSCILLATORS. ENERGY 
DISTRIBUTION IN THE NORMAL SPECTRUM 

§ 135, In appl 3 'mg tlie theoiy developed above to 
special cases we have always the choice of Uvo different 
methods. We either calculate the entropy S as a function 
of the energy E by the formula (418), or we calculate the 
characteristic function W as a function of the temperature 
T by the formula (420). Since both methods lead to the 
same result our choice must be guided by practical con- 
siderations. We shall use the second method in the sequel, 
for two reasons. Firstly because the summation (420) can 
be effected more conveniently than the calculation of 
G in (418), since the former applies to all the states of the 
system whereas in the latter the boundary condition 
which coiTesponds to the given value of E must be taken 
into consideration. Secondly the tem])eratare T is found 
to be more ajrpropriatc as the independent variable for 
the experimentally important consecpiences than the 
energy E. 

We begin our calculations by considering a system 
which consists of a great number N of similar simply 
periodic oscillators isolated from each other, each having 
one degree of freedom in the sense of § 122 . Tlio law of 
motion of a simply periodic oscillatoi' is ox])res8ed by the 
following differential equation (I, § 1 2) in the generalized 
co-ordinate of position r/ : 

ij + inVg = 0 .... (429) 

where v is the vibration number, or by its integral ; 

j = a cos 2-!Tvt + p sin 2TTd . . . (430) 

where a and p denote the two integration constants. 

204 
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The energy is : 

m .j 



(431) 


where m denotes the mass, and the momentum co-ordinate 
has the yaliie : 


P = 


'■dq/q 


- mq 


(432) 


We have first of all to determine the discrete series of 
the quantities cqj ^2 . . .> the so-oalled prot)er-value8 
of the energy. The equation (427) serves for this purpose. 
Since /= 1 here the phase-space is a plane^ and the phase- 
orbits or the “stream lines ’’ or “ lines of flow’’ (§ 129) 
are tlie curves : 


2 

P . 2Trhav^{f = const. 


in the co-ordinates q and p. 

These are similar and similarly situated ellipses having 
the semi-axes : 


and 



(433) 


CoiTesponding to cvejy ellipse there is a definite amount 
of energy. In classical tlioory every point of the phase- 
l^lane represents a possible microscopic state of the 
oscillator, ])nt in tJio quantum theory wo have, corre- 
spoJiding to a microsooific state, a whole “ current- 
filament ” of finite cross -section, namely the intermediate 
space, between two diilcrcnt ellipses; the area of this 
space is, by (427), of amount A. Only the two bomidaries 
of the cuxTcnt-lilainent, say the ellij)ses with the energies 
en and €« -- 1 have a physical meaning. Now since the area 
of an ellipse is, by (433) : 
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it follows from (427) that the intermediate space is : 


€n 


— 1 



Like’wise : 


) - 1 — e>i-2 


and so forth, doTO to : 


By adding these equations we get : 

€fi ” ^0 ”f~ 'yihv (434J 

This relation contains the law which governs the 
quantising of a simply periodic oscillator. We ishall leave 
the value of the smallest amount of energy < liv 
undetermined for the present. 

Since corresponding to every amount of energy e/i of the 
oscillator there is a single microscopic state, the elementary 
system is non-degenerate and so the relations deduced in 
Chapter II hold for this case of a system composed of 
a great number N of such oscillators of one and the same 
type. In particular the sum of the states at the 
temperature T is, hy (404) and (434) : 

00 nhv 

® . . (435) 

and, by (402), the characteristic function of the whole 
system is : 

AT. 

-Nhlo . (436) 

From this we get for the energy by (405) 


( 437 ) 
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„ _ 1 Nhv 

^ — am * 

_ I 


Nk log 1 


Jw 

k!P 


(438) 


If the temperature increases to an unlimited extent the 

llv -J 

exponential function merges into 1 + and the 


expressions for the energy and the entropy become : 


E = NlcT, 8 = Nk log 


hv 


(439) 


The same ex])rcssions are obtained if for any arbitrary 
temperature T the q[uantum of action li is assumed to be 
infinitely small, but we must observe that when li becomes 
vanishingly small < hv also vanishes. Hence by § 134 
the exju^essions (439) also represent the values of the 
energy and the ontrop}'' that follow from the classical 
theory for the system in question. In particular, we see 
that according to the classical theory the mean energy 
is i = IcT and so is independent of the nature (period of 
vibration) of the oscillators. It is in this deduction that 
the classical law of eqiiipartition of energy over all the 
dilierent kinds of oscillators expresses itself. 

On the other hand, with unlimited decreasing tem- 
perature the energy of the system becomes by (437) : 


- . i = Ne^ H- Nhve- . . (440) 

and the entropy, by (43S) : 


± 




Hence, whereas the entropy converges to zero together 
\Yith the temperature, a finite amount of energy remains 
left over at zero temperature. This is the zero point 
energy,’’ which is easy to understand since the energy of 
an oscillabor cannot fall below 
A single oscillator which is immersed in a heat-bath at a 
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temperature T undergoes fluctuations of energy, which 
are regulated according to (407) and (434) by the law : 

Wii = e . (^1 - e . . . (442) 

This expresses the mathematical probability that the 
oscillator Avill have the energy €n = moineiit. 

The relative mean square of the fluctuation will be given 
by (411). It assumes a particularly simple value if 
set the zero-point energy Then we get, by (437) : 


and by (411) : 

iiu 1 

A - (P - 1 -h - • • • • (443) 

<= 

The relative mean square of the fluctuation of the energy 
thus consists of two parts : a constant term of the amount 
1 and a term proportional to the quantum of action h 
and the vibration number v and inversely imoportional 
to the mean energy e. In the classical theory the second 
term vanishes and fluctuations of only the first land 
remain. 

§ 136. Let us glance at the case when the number of 
oscillators N is not very great but has arbitrary values 
down to 1. In this case there is not a definite energy E 
of the system corresponding to a definite temperature 
but the system performs energy fluctuations, whose 
scattermg, by § 127, is again represented by the relative 
mean square of the fluctuations (411) if we substitute for 
e in it the moan value of the energy of the now degenerate 
system. If we again leave out of account the zero-point 
energy?', wm accordingly have, by (437) : 


and, by (411) : 


, if; 1 , hv 

A = p ■ = -i, + 
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For iV = 1 we get the earlier expression (443) for an in- 
dividual oscillator. If we now allow N to increase at a 
definite temperature T the magnitude A of the relative 
mean sq^uare of the fluctuation decreases to an unlimited 
extent, as is to be expected. But hi the case of the tivo 
components of A, the classical and the quantum terms, 
a characteristic diflcrence manifests itself. When N 

increases the first decreases like that is, independently 

of the temperature ; but the second term decreases like 

ij . From this it follows that in order to make 

the energy fluctuation vanish N must be given a greater 
value as the temperature decreases. In other words, for 
every configuration, no matter how many oscillators it 
contams, there must be a range of temperature below which 
it cannot bo cooled down, if a perfectly definite value of the 
energy of the configuration is to correspond to its temper- 
ature. Hence /or every system^ no matter Jioiv great it may 
ie, the concepts and laws of thermodynamics lose their 
validity if the temperature is appropriately lowered^ and this 
occurs before the zero-point is reached', and all thermo- 
dynamic reasoning based on a cooling of a definite system 
clown to the absolute zero-point becomes void (of. § 149 
below). 

§ 137. We liave now covered the preliminary ground 
necessary to talco up again — with a greater prospect of 
success — tlio enei’gy distribution in the normal spectrum 
which we had to break oJf in § 114. As we there j)ohited 
out, this problem amounts to calculating the entropy and 
the other thermodynamic properties of pure cavity 
radiation. HavijTg found that the microscopic considera- 
tion of a system furnishes us with tlie means of determining 
its entropy, we next undertake a microscp]pic investigation 
of pure cavity radiation, which we suppose enclosed in 
a volume of as simple and cozivenient a form as possible, 
namely in that of a cube whose length of edge is 1 . For 
the electroniagnotic field equations referred to a vacuum 
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(IV j § 2) can be completely integrated in this case and so 
furnish the general solution of the problem from the 
microscopic point of view. To introduce the con^espond- 
ing boundary conditions we assume the six sides of the 
hollow cube to be perfectly conducting (III, § 92) and 
consequently totally reflecting, and we have therefore to 
set the intensity components of the electric field 
tangential to a side equal to zero. 

If we take the origin of co-ordinates at a corner of the 
cube a particular solution of the differential equations 
of the field is represented by the following expressions, 
where we pay due regard to the boundary conditions ; 

„ CLTTX I n J I / 

Ex ~ cos » sm I cos litvi -f e 1 SI 


^ . a7T‘X b7T?/ . CTTZ . cs X ^ t * c\ i\ 

!?,/= sm — • cos-|-- • sin— ^ - . (e 2 Cos 27rvt + e aSmzTrvQ 

. UTTX . bTTV CTTZ f 

t = sm -y- . sm -y^ . cos — y (cg cos I sm 


sm 




I 


cos j • [hi sin 2wi — li'i cos 2^4) 


(440) 


„ OTTX . htry CTTZ n „ 

Ifi/ = cos • sm — • (/l 2 Sin 27 rW — rt ^COSZTTvt) 


I 


I 


__ (IttX bTrW . cttZ fj . , 7 , 

Hz = cos -J- . cos— “ . sm — • (/tg sm 27Tvt—h g cos 


where a, b, c denote any three positive integers; for 
negative integers produce nothing new. The boundary 
conditions are satisfied in these expressions by the fact 
that the tangential components of the electric intensity 
of field E vanish for the six bounding faces a; = 0, x= lj 
y=^0^y=l^z~0,z—l. It is easy for us to convince 
ourselves directly that the field equations (IV, § 2) are 
likewise all satisfied if certain relations exist between the 
constants ‘which may all be summarized in one theorem 
as follows : if we denote a certain positive constant by a, 
the velocity of light by c, then there exist between the 
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nine following quantities 

which 

we have arrayed 

square : 



ac 

he 

cc 

2lv 



h 

lu 


a 

ft 

ft 


all those relations which are fulfilled by the nine direction 
cosines of two orthogonal right-handed co-ordmate 
systems, that is, the cosines of the angles between each 
pair of axes of both systems (I, § 100). 

Hence the sum of the squares of the members of each 
horizontal row or each vertical column is equal to 1, for 
exam^fie : 

_ (a2 + e2) = 1 (447) 

~r = ft® = 

Further the sum of the products of corresponding terms 
in each pair of parallel rows is equal to zero. Thus, for 
example : 

ftCi -h cca = \ 

- Oi 

Finally relations of the form I (492) hold 

Ih 63 he 

a ‘ 2lv 

Thus 

h = • ( 449 ) 

and so forth. 

If any values are given to the integers «, b, c, then by 
(447) the vibration number v is determined. This means 
that of the six quantities Cg, Ag, only two can be 
chosen arbitrarily ; the others are then uniquely derived 
from them in a Imcar and homogeneous form. If, for 
example, we give and Cg any arbitrary values then can 
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be calculated from (448), and the values of 
follow from the relations of the form (440). The same 
relations hold between the accented constants e\, 
li\^ h' 2 ) li\ as hold between the imaccented constants, 
the two sets of constants being otherwise quite independent 
of each other. Hence two terms of the accented system 
can also be arbitrarily chosen, so that of all the constants 
that occur in the above equations four constants still 
remain undetermined when a, h and c are given. 

Now if for each triplet of numbers a, b, c wo form ex- 
pressions of the form (44G) and sum up the corresponding 
field components, we again obtain a solution of the field 
equations, which, however, is now sufficiently general to 
represent any possible arbitrary radiation whatsoever in 
the hollow cube in question and in fact, in a unique form. 
To prove this let us consider the initial state of the electro- 
magnetic field. If we set 0, wc get for the general 
initial state, from (446) : 



= EBi cos 

OttX 

■ 

biry 


CTTZ 


1 

• sm 

tJ 

1" 

‘ sin 

"T 


Ey 

■n • 

arrX 


biry 

• 

CTTZ 


— sin 

A 

T' 

• cos 

fc/ 

i 

• Sin 

T 



„ . inrX 

• 

hTTlf 


CTTZ 


Es 

= z,e^ sm 

1 

• sm 

tJ 

- 1 

/ 

cos 

'T 


IIx 


. UttX 

hTTV 

CttZ 

= — ijji 1 

Sin 

1 ' * 

COS - 

— • 

1 

cos 

i 

Hif 

= - Zh', 

cos 

arrx 

— 1 — » 

1 

. bTTl/ 

sin • 

V 

COS 

CttZ 

1 

Ih 

= - 

cos 

arrX 

— - - • 

1 

cos ■ 

bTTlJ 
— * 

1 

sin 

CTTZ 

T 


where the summation is to be performed over all the 
numbers a, b, c from I to co . Now if the vectors JE and H 
are given for ^=0 in any way, but of course so that 
div JE~0 and div If ~ 0 and so that the boundary con- 
ditions are fulfilled, the above sums represent the Fourier 
expansions of the functions E and J/; the coefficients of 
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these expansions are, as we know, uniq^iiely cletermmecl 
(cf. n, § 39) and can be calculated by simple rules. This 
then detei'inines the course of events for all values of the 
time t* 

Now if we wish to apply the solution just found to heat 
radiation, we must, after what has been said in § 94, 
assume the length of the edge of the cube I to be very 

great compared with the wave-lengths A = - ; from 

this it follows by (447) that a^-\- is very great. 

Starting from this result, we can easily calculate how 
many different triplets of numbers a, 1), c give a 
vibration number which lies within the narrow spectral 
interval between v and v-|-Av. For by (447) these are 
obviously characterized by tlie condition : 

(450) 


If we now depict every triplet of numbers «, b, c by means 
of a geometrical ])oint by regarding the values of the 
positive integers a, b, c as co-ordinates in a rectangular 
system of co-ordinates, the points so obtained fill an 
octant of inhnito space, and the condition (450) states 
that the distance of one of those points from the origin 


I ■] 2l[v “T Av) 

of co-ordinates lies between the values — and . 


The required number is therefore equal to the number of 
points which lie between the two octants of the spherical 
surfaces that correspond to radii of the values just 
mentioned . (Since a cube of volume 1 corresponds to every 
pomt, this niimhor is simply equal to the volume of the 
thiu spliericfil shell, that is, to : 



No matter how small the frequency interval Av may he 
assumed to be, we can nevertheless choose I sufficiently 
great to make this number have a very great value. ^ 



274 


THEORY OF HEAT 


CHAP. 


§ 138. Now that we have succeeded by microscopic 
considerations in dividing the most general process of 
monochromatic radiation that can take place in the 
assumed cavity into a great but definite number of 
mutually independent simply periodic vibrations of the 
same frequency it suggests itself readily to us to compare 
its thermodynamic probability with that of a system of 
like but mutually independent simply periodic oscillators 
of the same frequency such as have been investigated in 
the preceding sections. For the question as to whether 
the vibrations are of an electromagnetic or a mechanical 
nature cannot afiect the probability. The only essential 
condition is that the microscopic events in the two 
systems shall con^espond uniquely, that is, that a definite 
state of the system of oscillators shall be assigned to each 
state of the cavity radiation and conversely. For if this 
condition is fulfilled the number of microscopic states 
that correspond to a definite macroscopic state does not 
depend on whether the system of oscillators or the cavity 
radiation is used in the discussion. 

But another point is also to be considered. According 
to the preceding paragraph the state of radiation for a 
definite frequency v is determined by four mutually 
independent constants, whereas the state of vibration of 
an oscillator with a single degree of freedom contains, by 
(430), only two independent constants. From this we 
must infer that koo degrees of freedom belong to radiation 
of frequency v, and that therefore a definite state of two 
mutually independent operators corresponds to every 
state of radiation of this frequency, and conversely. 
Hence the processes of monochromatic radiation in the 
cavity in question are by (451) statistically equivalent to 
the vibrations of : 

N = .... (452) 

simply periodic oscillators with a single degree of freedom, 
and their energy is given for a definite temperature T by 
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(437). It we also consider that the zero-point energy of 
the radiation vanishes, by (330), we get for the energy of 
the monochromatic cavity radiation in question : 


SttIiv^Lv * Z ® 




and, dividing by the volume P of the hollow cube, we get 
for the spatial density of this energy : 

h 

1 ) (454) 


where we use the notation already introduced in (296). 
From this it follows by (297) that the specific intensity 
of the linearly y)olari 2 ;ed radiation in any direction is : 



which represents the required law^ of radiation. If we 
compare it with (360) we see that it agrees exactly with 
Wien’s Displacement Law. 

From (436) and (452) wc obtain for the characteristic 
function W of the monochromatic radiation in the volume 

F: 





1 — e 




If we refer the specific intensity of radiation to the wave- 
length A instead of to the frequency v, we obtain from 
(3G3) and (455) : 

1) . (457) 


as the specific intensity of a monochromatic linearly 
polarized beam of wave-length A radiated by a black body 
at the temperature T into empty space. 

§ 139. For large values of XT (> c^) the expression 
(457) merges into the equation : 



276 


THEORY OF HEAT 


OHAP, 


In the same way (46o) becomes : 

_ hP'T 


(450) 


which is Rayleigh’s Law of Radiation. The same law 
results if at any arbitrary temperature T we assume the 
quantum of action Ti to become infinitely small. Thus, by 
§ 134, it represents the “ classical ” law of radiation. The 
fact that this law is contrary to experimental results and 
that therefore the classical theory is n^ot generally valid 
is simply seen by observing that the expression 
when integrated from v = 0 to v = co becomes infinitely 
great by (459). 

Por small values of Ar(-^C 2 ), on the other hand, we 
get from (457) that : 




■ A® 


. (460) 


This equation expresses Wien’s Law of Energy Distribu- 
tion, which lias been proved to lie very successful in the 
optical region but fails at liigh temperatures, because Ex 
actually increases beyond all limits when the temperature 
increases to an unlimited extent, which is not the case in 
(460). According to the most accurate measiu'ements 

ch 

tlie value of the constant Co = -r- is : 

“ fc 


Cg = T = 1*430 cm. X degree 


• (^ 101 ) 


§ 140, The spatial total density of cavity radiation at 
the temperature T is given by (454) as : 


-i 


, dv = 




Stt/a 


v^dv 


and by integrating each member in turn we get : 


( 462 ) 
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where we have used the result : 

n-l+l + i 

' 21 ^ S'l ^ ^ 


= 1-0S23 . (4G3) 


This is the Stefan-Boltzmann Law (32G) or (32S), in which 
the ooiistaiit now has the value : 


Oj — T ^ or a = ~ 


(104) 


§ 141. With the help of the measured values of a and 
wo can now easily calculate the universal coiistaiiLs h 
and /j. For it follows from the equations (461) and (464) 
that : 

, ^ luo-Ca'^ , _ lavras M.y5) 

2vr5c'i ’ 2v=' ■ ■ ■ 

With the values given for the constants o- in (331) and c'o 
in (461) we get : 

6.55. 10-‘^7 erg sec, ] 


h - 6*55 . 10--7 erg sec, 

/i) = 1-373 . 10"^*^ erg /degree 


From ecj nation (457) wo got for the wavo-Jength to 
which the maximum of the radiated intensity E?, corre- 
sponds in the spectrum of black body radiation : 


= 0. 


DilTercntiation gives : 


-ii j. h _ 1 0 


where, for brevity, wo have set : 


The root of this transcendental equation is : 

p == 4-9651. 

Accordingly, XmT = -Jt- = f > that is. constant, as is demanded 

[jIC fi 
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by Wien’s BisjDlacement Law (365). Tlie value of the 
constant 5 comes out as : 


1-430 

^ 4-9651 


0-288 


which agrees with the measured value (366). 

§ 142. Our calculation of the energy distribution in the 
normal spectrum was built up only on the statistical 
definition of entropy. It was independent of airy assump- 
tion whatsoever about the nature of the processes by which 
cavity radiation of any arbitrary distrilrution of energy is 
transformed into normal cavity radiation. But, as we 
have already had occasion to emphasize repeatedly in 
§ 105 and § 125, it is obvious that in nature such jrroccsses, 
which act as coupling agencies between the energies 
of difterent spectral regions, must be active in promoting 
normal energy distribution, and it is important to enquire 
what sort of coupling nature actually makes use of in the 
present case. Everything of course depends on gaining 
a closer insight into the acts of emission and absorption 
of radiation. 

The atomic model proposed by Bohr certainly approaches 
reality most closely. This model is an oscillator which can 
have a number of discrete energy-values . . . 

< €n < . . ., as in § 122. If such an atom is situated in a 
field of radiation the absorption of radiant energy takes 
place by the abrupt transition of the atom from a state 
of lesser energy to a state of greater energy the 
emission of radiant energy is carried out by a transition 
in the reverse dhection. In this process the absorbed 
or emitted energy, respectively, is always monochromatic, 
and its frequency y is related to the abrupt change in the 
energy of the atom as follows : 

llV = <;;; ' • • • • (407) 

Hence the amount of transformed radiant energy is always 
equal to liv, a so-called UgU~quantum or pJiolon. 

The stationary state in this exchange of energy between 
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atomic energy and radiant energy is characterized by the 
fact that oyer a very long time the transition of the atomic 
energy from €n to €p occurs just as often as the opposite 
transition from €p to en. But we have here to take into 
, account the fact that during this time the atom finds itself, 
by § 126, more often in the state with lesser energy €n 
than in that with greater energy ep. For, by (407), the 
corresponding numbers denoting these frequencies of 
occiUTence are : 

Wn and lOa = — • (4b /ct) 

He 

Thus on the average the atom remains longer in the one 
state than in tlie other. Now to represent the frequency 
of transition of the atomic energy from to €p and 
conversely, Einstein has introduced some very plausible 
assumptions which bring us to our goal by means of a simple 
calculation. Tie assumes that the frequency with which 
absorption occurs, that is, the transition from en to is 
firstly proportional to the frequency number and 
secondly to the intensity of radiation which strikes the 
atom and which has the frequency v determined by (467), 
that is, equal to c/JiyiOiu In the same way the frequency 
with which the opposite transition occurs, the act of 
emission, is equal bo aKviVp. But besides the so-called 
‘'induced” emission caused by the incident radiation 
there is also a so-called “ spontaneous ” emission winch is 
quite indcpetidcnt of the external field of radiation and 
its frequency is expressed simply by Here [i lilm a 

is a certain factor of proportionality which is independent 
of the tcmporatiifc. The condition for the stationary 
state runs : 

and in view of (467) and (467a) it follows from this that : 


in agreement with (455). 
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Of course, in establishing the above condition of stability 
we may just as well, and perhaps more “ picturesquel}^,” 
use the concept of frequenej^ ” in a spatial sense, referring 
to the simultaneous state of a great number of similarly 
constituted atoms instead of in the time sense, referrhig 
to a single atom. 
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EQUATION OF 8TATE OF MATEMAL BODIE8. 
CHEMICAL CONSTANT. NERNST’S HEAT 

THEOREM 

§ 14:3. Th£1 most general and the most dmect way of 
arriving at the equation of state of any given material 
body consists, as \yg have seen in Chapter II, in calculat- 
ing the sum of the states by (419) and from it, by (420), 
the characteristic function of the body. We shall first 
cany out this process fur a gai> ^yhich consists of N 
similar monatomic molecules ajid which occupies a given 
volume V. 

Our first stop is to calculate the sum of the states. 
For the sake of simplicity we shall assume that the gas 
is ill an ideal state, that is, that the energy of the gas 
reduces itself essentially to the kinetic energy of the 
molecules. Since the molecules are all of the same kind, 
it suggests itself to ns to treat the gas according to § 122 
as a groiq) of N similar elementary systems isolated from 
one another, those systems being the molecules, and 
accordingly to appl^^ the formulse (404) and (402) for the sum 
of the states of an elementary system and the characteristic 
fimction of the total system ; this is founded on the fact 
that every individual molecule can possess every value of 
the energy and can occupy any place in the volume V. 
But closer inspection reveals that this procedure is in- 
admissible. For the formulas quoted hold only for the 
case Avlicz'o the elementary systems are isolated from one 
canothor, Xu deriving tliom wo assumed that for every 
distribution of states among the elementaiy s3^stems there 
is a pm?tjciular microscopic state; that is, that if two 
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elementary systems exchange their states a new micro- 
scopic state of the total system results. But in the case 
of similar molecules of a gas this assumption no longer 
holds. Eor if two similar molecules of a gas exchange 
their states, that is their positions and their velocities, 
the microscopic state of the gas remains unchanged ; it is 
distinguished in no way from the preceding microscopic 
state, and does not therefore require to receive sj^ecial 
consideration again when the statistical Avcight is being 
calculated. In spite of this antithesis in the primary 
conditions the procedure above suggested has frequently 
been applied and the error incurred has expressed itself 
in a difficulty for which the whole theory has unjustifiably 
been held responsible. 

We shall avoid committing this ciTor and shall therefore 
eiicoimtcr no such difficulty. AccoiTlingly we do not 
regard our gas, in the sense of § 122, as a group of many 
similar isolated elementary s^^stems, namely molecules, 
but in the sense of § 127 as a single elementary system 
having a certain number of degrees of freedom so that, 
corresponding to a definite temperature, there is a perfectly 
definite value for enei’gy. Then the expressions (419) and 
(420) hold for the sum of the states Z and the characteristic 
function W of the gas. 

To calculate the sum of the states Z wo must take into 
consideration all the difiorent possible microscopic states 
of the gas and substitute the values of their energies in 
(419), This requires us to set up an hypothesis about the 
constitution of the gas, on the basis of which wc can derive 
the possible microscopic states ; that is, we can quantise. 
Several such hypotheses have hcoii put forward in the 
course of time; they naturally lead to difficront results. 
But there is a very wide range over whicli the results 
agree with one another ; it is the only range which has so 
far been accessible to direct measurement, since the cases 
that can he realized physically all fall within this range. 
It is characterized by the fact that in the phase-space of 
the gas the size of an elementary system (427) is veiy 



V. EQUATION OF STATE 283 

sms'll compo^rcd. with, tho siz6 of tho wholo ro^ioii in 
question. We shall see below, in (475), how this condition 
expresses itself in physically measurable quantities. If 
W0 assume it to be fulfilled, we can write every mdividual 
term in the sum of the states as a differential by multi- 
plyuig it according to (427) by : 

1 = r.. • (468) 

Further, the sum of the states (419) : 

Z - He" ^ (469) 


becoinen a phase integral which is to be taken over the 
Avhole phase-space of the gas. 

Since each of the N monatomic molecules moving freely 
ill space has tlmee degrees of freedom, and the 

differential element of space becomes, l^y (422) : 

dr ~ dcji.dpi.dq^.dpz. . . . dq^^Alp^^r . . (470) 

iviicro (72 • ■ • (Zsv ^©note the SiV* rectangular co- 
ordinates of tho N molecules, and * Pzy denote 

tho corresponding momentum co-ordinates; so that the 
energy of the gas is : 


I . 
2m 



TH 


(471) 


where Eq is used to designate the zero-j)oint energy, that 
is, the internal energy of the gas molecules. 

Tho integration is to be performed over all the different 
micz’oscopic states of the gas, each microscoihc state 
being counted once. Now if we integrate for every 
molecule over all the values of its co-ordinates wdiicli are 
permissible within the given volume and over all the 
momentum components from — co to co \ve do not 
obtain the microscopic state of the gas once but just as 
often in number as there are permutations between N 
molecules, namely N ! times. Tor since the molecules 
are all similar, every permutation of the co-ordinates and 
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xnoiiienta gives a new integration term but no new micro- 
scopic state. Accordingly the expression for the sum of 
the states runs, according to (4()0), if we take into account 
(468) and (470) ; 



/ e . dqi . dqJi . 





where the integration is now to ]je taJeen for every molecule 
over all the points within V and over all the momenta 
from “CO to -h CO . Substituting the value (471) for 
E and performing the integration over the 8Y point co- 
ordinates q, we get, using Stirling’s formula (886) : 

-|- DC 

r I 

. C 


Here the triple integral is equal to (2rrmhTyL consequently : 




E 

k 


and by (420) : 


W = 


M log {•277in//f) 


i] _ 


/?, 

T 


0 

rn' 


(473) 

(474) 


This last equation expresses ail tlie thermodynainic 
properties of the gas. 

The expression iF also gives us information about the 
physical meaning of the condition Avhich we introduced 
by means of (468) and whicii states that li may bo treated 
as an infinitely small quaiitit}^ For wo must have : 


> 1 (476) 

According to this the product of the atomic volume 

“ and the cube of \/T must not fall below a certain 

order of magnitude, which depends on the nature of the gas, 
if the formula (474) is still to remain applicable. If this 
condition is transgressed, moi'e complicated relationships 
replace the ordinary gas laws; these relationships are 
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sometimes called degenerate, but here the word de- 
generate is to be interpreted in quite a different way from 
that of § 127. This pheiioinenon of gas degeneracy is 
entmely foreign to classical theory, since the condition 
(475) is always fulfilled for an infinitely small value of h, ■ 


So gas degeneracy corresponds to the deviation of the law 
of radiation (457) from Rajdeigh’s Classical Law of Radia- 
tion (458) . But it is to be noted that an essential difference 
exists in that although the classical theory leads to Ra}^- 
leigh’s Law of Radiation it does not lead to the expression 
(474) of the characteristic function of an ideal gas. For 
in classical theory the value of the infinitely small constant 
li remains quite indeterminate (cf. § 133 above). It is 
only the introduction of the quantum theory that leads 
to an absolute value of the entropy and the characteristic 
function. Concerning the significance of this circumstance 
see § 150 below. 

§ 144. Wc shall now derive the thermodynamic 
properties of the gas under consideration from the ex- 
pression (474) found for W, By (115) we obtain for the 
pressure : 


p = T- 


dW 

dv 



(47G) 


If WC comj^are this equation with the equation of state 
of the ideal gas (9G) wo see that there is complete agree 
mont if hN == Rn or : 

(477) 

BN 

That is, the universal gas constant k is nothing else than 
tho aljsolute gas constant in the equation of state, re- 
ferred to molecules and not to moles. Substituting the 
numerical values (466) and (55) we get : 


71 

N 


(478) 


as the ratio of the number of moles to the number of 
molecules, or, what amounts to the same, of the molecular 
mass to tho molar mass (Avogadro’s number). 



286 


THEOEY OE HEAT 


CHAP. 


According to this the elementary charge of electricity, 
that is, the charge of an electron or of a univalent ion in 
electrostatic units is, by III, § 66 : 

2-895 . . 1-65 . 10-2^ = 4-78 . IQ-io 


which agrees with the measurements of R. A. Millikan. 
Eurther, we obtain from (405) for the enei-gy of the gas : 

+ E,. . . (479) 

That is, for the molecular heat at constant volume we 

have ; and for the molar heat at constant volume 
2 

37 ? 

which, measured in calories, is about equal to 3, 

according to (67). This agrees with the values given in 
§31 for a monatomic gas. 

Finally, the entropy of the gas is, by (406) : 


. (480) 

which agrees with (109), exce23t that here, too, the in- 
definite additive constant of the classical theory is re- 
placed by a perfectly definite quantity. 

§ 145. Whereas the energy fluctuations of the whole 
gas at a definite temperature are only extremely small 
each individual molecule undergoes considerable fluctua- 
tions in its energy, and so also in its velocity. The law 
governing these fluctuations results from the formula 
(415) for the energy fluctuations of a system of arbitrary 
degeneracy, which is immersed in a heat-bath of definite 
temperature. Here e,i denotes any possible amount of 
energy of the molecule, thus : 

^ ^0 

where denotes the total momentum 

the internal energy of the molecule, and gn is the number 
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of microscopic states of the molecule that correspond to 
the energy interval between e„ and + de„ : 

S'" = p/ ^kidqidq^dpidp^dp^, 

whei'e the integration is to be performed with respect to 
the three momentum components over the infinitely 
small region between p and p + dp ; thus ; 


Snice the value of (415) does not depend on a constant 
factor in g,,, we get : 

io„ — p-dp . e 

If we integrate, talcing into account (481) and omitting 
the iridex n wliich now becomes superfluous, we get : 

10 = . (482) 

or, if we introduce the velocity v by writing the mo- 
mentum p = mv we get : 

•'oUv (483) 

as the probability that the molecule will at any instant 
have a velocity between v and v + civ. Of course, this 
expression also gives a measure of the number of times 
that the velocity v occurs simultaneously in a great 
number of molecules of a gas at temperature T (Maxwell’s 
Law of the Distribution of Velocities). It is to be 
observed that m and Ic occur only in the form of their 
ratio, so that the probability law (483) remains correct 
if we calculate with moles instead of with molecules. 

§ 14G. If the N molecules of the gas are not aU of the 
same land, but sub-divide into difierent types 1, 2, 3, . . 
so that : 


-f iVg + ^3 + • • • = • • (^8^) 
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the expression for the charactex'istic function becomes 
correspondingly more general ; this modification is 
effected by making the calculation according to the same 
method as was used above in § 143. In forming the sum 
of the states Z we then have in place of the equation 
(468) the foUowmg : 

1 ' 

where the number of degrees of freedom of the system is 
now : 

and fZri, drg, . . . denote the elementary systems of the 
phase-s23aces corresponding to the different lands of gases. 
The exponential function havmg the energy B in the 
exponent sub-divides by (471) into the product of the 
exponential functions referring to the individual kinds 
of gases, and the integrations over the elementary regions 
are performed in exactly the same way as above. Finally 
the number of permutations iV ! in the denominator of 
the sum of the states is replaced by the smaller product 

Yi! iV^g! -Yq! For the microscopic state of the gas 

remains unchanged only when similar molecules are 
permuted among themselves. 

We thus obtain as a result of the calculation the follow- 
ing characteristic function of the gaseous mixture : 

log 

1 , 2 , 

where tho summation refers to the individual kinds of 
molecules. This expression is analogous to (474). We 
obtain for the energy : 

^ ■ )T . . (480) 

which is analogous to (479) ; and for the entropy : 

S = ZhNilog {2'nm-JcT)'^ - • • (487) 

which is analogous to (480). 
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Comparison with (170) again shows the complete 
agreement of these formulae with those of general thermo- 
dynamics, except that here there is no indefiniteness, 
not even in the additive constants ^ 2 , cfg. . . . Thus 
the additive constant is a definite C[uantity wliicli is 
characteristic of the gas. It is called the “chemical 
constant ” of the gas. 

§ 147. As a further example let us now calculate the 
characteristic function of a solid lody consisting of N 
atoms supposed similar for the present. As regards the 
constitution of the body we shall assume that the atoms, 
or at least the very great majority of them, are subject to 
quasi-elastic forces. The energy of the body is then of 
the form : 

. . . . (488) 

where the potential energy, is a homogeneous quadratic 
function of the components of the relative displacements 
of the iV atoms ; K is the kinetic energy, a purely quadratic 
function of the SiV" velocity components, and is the 
zero-point energy. 

By introducing 3A^ suitably chosen homogeneous linear 
functions ch, displacement components 

we can always arrange so that the two functions TJ and , 
expressed in terms of the co-ordinates q and their 
derivatives become purely cjuadratic and that therefore 
the dependence of the energy on the co-ordinates q and 
the momenta can be represented in the form : 

^ + * • * -f JS'o . (489) 

The motions of the N atoms can thus be reduced to the 
sujDerposition of the vibrations of independent linear 
oscillators of the same kind as those considered in § 135. 
A particular solution of the equations of motion is obtained, 
for example, if all the components q and p are set equal to 
zero except one, say qi and ft. Then all the atoms of the 
body vibrate with the same period, which is determined by 
constants at and and in the same phase, since all the 
displacement components are proportional to the one 
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co-ordinate qu In other words, the most general motion 
of the N atoms of the body may be regarded as composed 
of 3 A simply periodic stationary vibrations of the whole 
atomic complex. The slow vibrations correspond to the 
elastic or acoustic spectrum, the rapid vibrations to the 
thermal spectrum. So we here have a spectral resolution 
similar to that which occurs in cavity radiation. Yet 
there is an essential diffei’ence, firstly in the occurrence 
of the zero-point energy Eq, which cannot be left out of 
accoimt ill a material body, and secondly in the fact that 
the spectrum of the cavity radiation stretches to infinity, 
whereas in the spectrum of the atomic vibrations only 
3Y vibration periods occur. 

From (419) we obtain for the sum of the states of the 
bod}^ : 


If we liei^e substitute the value of E from (489), Z is 
represented as the product of the sums of the states of the 
whole 3iV oscillators, multiplied by a constant factor due 
to the zero- 2 ^oint energ}^ ; that is, by (435) ; 

e (490) 

We must here interpose a remark. The fact that every 
body sends out vapour into neighbouring space shows 
that in reality the atoms do not all act on one another 
with quasi-elastic forces, but rather that there are certainly 
some among them which move progressively forwards. 
These “ vagabond ” or loosely bound ” atoms will not, 
however, always be the same ones ; rather there will be a 
kind of continual exchange between them and the 
“ localized ” or “ tightly bound ” atoms. A consequence 
of this is that after a fair length of time the atoms of the 
body will partly or totally have changed their places, and 
the question arises whether this circumstance will not 
coiTespondingly increase the possible microscopic states of 
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the body. If we take into accounts however, that the 
atoms are all of the same kind it follows, just as above in 
the case of a gas, that no new microscopic state is 2}roduced 
by a permutation of the atoms and that therefore the 
expression (490) for the sum of the states will also remain 
unchanged wdien we take into account the ju’ocess of 
exchange among the atoms. By (420) we get from (490) 
as the characteristic function of the body : 

1 - e (491) 

If we denote the number of vibration frequencies vi 
that lie in the interval between v and v~r ch hy/(v)dv, so 
that i 

rf{v)dv = 3N .... (492) 

Jo 

then : 

- jj{v) • log (l - e“ ^')dv . (493) 

It now remains for us to determine the function /(y). So 
long as V is fairly small, that is, for long waves, we shall 
obtain an ap)proximate value for /(y) if we assume the 
matter in the bod 3 ^ to be continuously distributed. With 
this assumption an approximate value for the required 
number can be derived from a comparison with the 
spectrum of cavity radiation treated above. For in 
equation (452), § 138, we found for the electromagnetio 
vibrations in an evacuated cavity space of volume V — 
the following value for the number of vibrations, each of 
one degree of freedom, that lie in the frequency interval 
V and v-\- dv 


If we take into consideration the fact that in electro- 
magnetic radiation only transverse %dbrations, m mechan- 
ical vibrations transverse and longitudinal vibrations 
occur, and that the number of the latter is half as great 
as that of the former for every direction of propagation, it 



292 


THEORY OF HEAT 


OHAP. 


is clear that in the present case the number (494) must he 
increased by half its value, so that we obtain : 



= f{v)dv , . . . (495) 


as the number of vibrations, each of one degree of freedom, 
which belong to the interval between v and v + dv. Here 
q denotes a certain mean value for the velocity of propaga^ 
tion of elastic waves in the substance of the body. 

For greater values of v (495) of course loses its validity, 
since, on account of (492), the function f{v) must rapidly 
converge to zero as v increases. But according to Debye 
we obtain a very good approximate value if we regard 
the formula (495) as exactly valid up to a certain frequency 
vi, thus : 


for V < we set f{v) = 




but for v> vi we set /(v) = 0 


Moreover, we are encouraged to make this assumption 
because at low temperatures the higher frequencies exert 
no influence at all on the value of the integral in (491), 
whereas at high temperatures the classical law of the 
equipartition of energy retains its validity, as in (439), 
in which the form of f{v) is of no importance, since we are 
concerned only with the total number of the degrees of 
freedom. 

The condition (492) serves to determine the limiting 
frequency vi- Combined with (496) this gives : 


Consequently : 


If this value is inserted as the upper limit of the integral 
in (493) and if we transform the integration variable by 
means of : 


hv 
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we get as the expression for the chai-acfceristic function ; 

Eq 

log (1 - e''^)dx . (499) 

Using (499) ^\e get the entropy S from (406), the energy E 
from (40 o) cincl the pressure jp cis ci fiiiiction of the temper- 
ature T and the yoliime V from (115). In calculating p 
we must note that not only 8 but also E, depends on the 
volume V, 

§ 148. Eor high temperatures (T^0) only small 
values of the variable of integration x come into (luestion. 
Hence we may write in the integral : 

log(l - ==logaj 

and if we then perform the integration we get for the 
characteristic function : 


and for the energy : 


(500) 

(501) 


while the entropy comes out as : 


. (502) 

From (501) wo get for the atomic heat of a solid body at 
constant volume^ coiTesponding to the empirical law of 
I) along and Petit : 

^ ^ ... . (503) 

a value which is twice as great as the atomic heat given in 
(470) for a monatomic gas. 

For loio temperatures {T <^&) the upp^r limit of the 
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integral in (499) becomes infinitely great and we get by 
repeated integration by parts : 


Hence we get the characteristic function ; 


^ y ■ 503 


and the energy : 


i. » i -t- -03 


(504) 

(505) 


I’roiu this Debye’s law of atomic heats at constant volume 
follows ; 

1 hE 


For the entropy we get : 

S = W 


E 4.7t^NhT^ 
T “ 503 


(507) 


This relation coiTesponds to Nernst’s Heat Theorem, which 
may he formulated to express its most general meaning 
ill the following way : llio, entropy of every body of finite 
volume lohich contama exactly similar component parts 
decreases to an ^inlimited extent as the temper atim de- 
creases to an nnlimited extent. 

§ 149. If the body in question is chemically non-homo- 
geneous, consisting, say, of iVi, . . . atoms of 

different types, whose sum is : 

N — Ni “h ^^^2 ^3 + . . . 

we may calculate the characteristic function by following 
the same course as in § 147. An essential modification 
occurs only at one point. For as wo noticed in connexion 
ivith equation (490) we must take into account not only 
the microscopic states which contributed to the sum of the 
states there found but also those microscopic states which 
result from all possible interclianges of the atoms of the 
bod}?* ; it was only because the atoms wore all assumed to 
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be of the same land there that this correction did not 
have to be applied, But if the atoms are. in part^ of 
different kinds an interchange between two atoms of 
different lands signifies a new microscopic state and so 
the sum of the states becomes increased by a new term. 
As a result of the whole correction \ye shall get the sum 
of the states (490) just as many times as there are different 
permutations among the N atoms. The smn of the 
states wdll therefore have to be multiplied by : 

N\ 

iYiliYaliYgl . . . 

or, by Stirling's Theorem (3 86), by : 






where the concentrations C 2 . . . are the same as in 
(191). Hence we get for the req[uired sum of the states 
of the body : 






r- 1 


andj by (420), for the characteristic function : 

- ^~k l:\og (1 - e" ^ - kENi log (608) 


an expression which differs from the corresponding 
expression (491) for a chemically homogeneous body only 
in having the additional term ; 

— hENi log Cl (50 

This term has no influence on the energy because it d 
not depend on the temperature; but it occurs in 
entropy and this is in agreement with the result (If 
the thermodynamic calculation, since IcN = Rn. 

For low temperatures, for example, the entroj 
solid solution becomes by (507) : 


S 


— hSNi log Cl . 
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The entropy, then, does not diminish to an unlimited 
extent as the temperature decreases but approaches the 
finite value (o09). 

It is fitting to recall here the general law stated at the 
end of § 136, that if a body is cooled down sufficiently far 
all thermodynamic concepts lose their meaning. 

§ 150. The knowledge of the absolute value of the 
characteristic function and the entropy of a body enables 
us to state completely the conditions of its physical and 
chemical equilibrium in contact with other substances, 
whereas general thermodynamics must always leave an 
undetermined additive constant in the equilibrium 
formula. As an example we shall apply our results to the 
equilibrium of a monatomic vapour in contact with its 
condensate. 

By (139) the equilibrium formula runs : 



2 ^{v — v’) 
~T 


(511) 


whfcTc i/l and v are not here to refer to the unit of mass but 
to the mass of an atom of the gas, Avhilo ij/ and v' denote 
the corresponding quantities for tlie condensate. 

We shall assume the temperature to bo so low that in 
the last ecjuation all those terms may be neglected which 
decrease without limit as the temperaturo decreases. If 
we substitute (474) for (504) for ?// and neglect v‘ in 
comparison with v wo get : 

0 f 


Here the constant multiplied liy denotes the difference 

of the zero-point energies of a gaseous and a condensed 
atom, that is, the heat of vaporization per atom at the 
zero of temperaturo. If instead of tlie atomic volume v 
we use (476) to introduce the pressure p, the hist equation 
becomes : 
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or, if we now represent the pressure of the saturated 
vapour, as a function of the temperature T we get : 


We have for the relation between the mass of an atom and 
a mole : 

ir 

M = 7- m 
k 

and for the heat of vaporization in calories, by (42) : 



Consequently if Ave measure the pressure in atmospheres, 
that is, divide p by 1,013,250 and take logs to the base 
10 we have : 

iQgp = - |il 

lo^ - - 

® 1013250 

Taking the value of a from (42), R from (55), h and h 
from (466) we get : 

logp 0'219-^"-|-2-o .logT-M-ologJ/- 1-59 (513) 

This formula agrees with the results of measurement for 
the pressure of the saturated vapouc of monatomic gases 
in most cases and so remarkably justifies our faith in the 
assumption that there is an absolute entropy as derived 
from the quantum theory. In applying it we must note 
that the numerical value of the chemical constant on the 
right dc23encls on the units chosen for pressure, temperature 
and atomic weight. Any deviation of the measured 
value from the theoretical value must he interpreted in 
the sense that the atoms are either not all of the same 
kind or are not invariable. In the first case the constant 
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(509) becomes added to the expression for the character- 
istic function; in the second case the equation (471) for 
the energy of the gas is to be correspondingly generalized, 
since then not only the kinetic energies of the atomic 
motions but also other kinds of energy must be taken into 
consideration. 
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